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Constraining the kinetically dominated Universe
Bayesian methods and primordial cosmology
Lukas Tobias Hergt
In this thesis a systematic approach is taken to the study of the generation of
primordial perturbations from a finite amount of cosmic inflation. It is demonstrated
how a pre-inflationary stage that is kinetically dominated causes features in the
primordial power spectrum. These features can be associated with cosmological
parameters, which are then constrained using Bayesian methods and CMB data from
the Planck satellite.
Chapter 1 places this thesis into the context of the current state of cosmology
and introduces the needed theoretical background and notation. The remainder of
the thesis presents both my published and ongoing work.
Chapter 2 starts with an overview of Bayesian methods which are then applied to
the question of how a uniform versus logarithmic prior distribution affect parameter
estimations and model comparisons. Two examples of extensions to the current
standard model of cosmology are investigated in detail, the tensor-to-scalar ratio of
primordial perturbations and three massive neutrinos.
Chapter 3 was published in Hergt et al. (2019) [I & chapter 3] and makes a
case for a pre-inflationary phase of kinetic dominance. To that end the phase-space
trajectories for three representative inflationary potentials are inspected. Comparing
different priors on the initial conditions of the trajectories, a significant fraction of
trajectories are found to start out in a kinetically dominated stage.
Chapter 4 was published in Hergt et al. (2019) [II & chapter 4]. Assuming a
spatially flat cosmology, it contrasts the effects from slow-roll inflation to those from
a finite amount of inflation with an earlier kinetically dominated stage. CMB data
from the Planck satellite are used to compare these two models and constrain the
parameters pertaining to the primordial Universe. There is no clear preference for
either model. Any Occam penalty from the higher complexity of a model with a
kinetically dominated stage is balanced out by a better fit to the large-scale lack of
power in the CMB.
Chapter 5 extends the previous analysis, allowing for a variable amount of spatial
curvature. Even a small amount of present-day curvature significantly limits the
total amount of inflation, rendering the effects of kinetic dominance more prominent
in the observable window of the CMB. A model comparison of various single-field
inflation models leads to similar results to those of a flat cosmology, driven mostly
by constraints from the tensor-to-scalar ratio and from reheating.
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The constants used in the numerical calculations of the primordial universe are based on the
scipy.constants [1] package which in turn is based on the 2018 CODATA recommended
values of the Fundamental Physical Constants as published by the National Institute of
Standards and Technology (NIST) [2]:
speed of light in vacuum c ≡ 299 792 458 m s−1, (1)
reduced Planck constant ℏ = 1.054 571 817 . . . × 10−34 J s, (2)
gravitational constant G = (6.674 30 ± 0.000 15) × 10−11 m3 kg−1 s−2, (3)
Boltzmann constant kB = 1.380 649 × 10−23 J K−1. (4)
However, if not specified otherwise, I will be working in reduced Planck units with c = ℏ = 1.
Units
Based on the IAU 2012 Resolution B2 on the re-definition of the astronomical unit of length [3]
and on the IAU 2015 Resolution B2 [4] implicitly defining the parsec we have:
1 au ≡ 149 597 870 700 m, (5)
1 pc ≡ 648 000 π-1au ≈ 3.085 677 581 491 367 × 1016 m (6)
For numerical calculations of the primordial Universe, we primarily work in reduced Planck
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= c tp =
ℏ
mpc
≈ 4.106 × 10−19 ℏc/GeV ≈ 8.103 × 10−35 m. (9)
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Thus the units for some frequently used parameters with c = ℏ = 1 are:
scale factor: [a] = ℓp =
1
mp
Hubble parameter: [H] = 1tp
= mp
energy density: [ρ] = mp
ℓ3p
= m4p
inflaton field: [ϕ] = 1
ℓp
= mp




ΛCDM cold dark matter with a cosmological constant Λ
CMB cosmic microwave background
PPS primordial power spectrum
SR slow-roll
KD kinetic dominance
NH normal neutrino hierarchy
IH inverted neutrino hierarchy
Other conventions
• The same metric signature (−, +, +, +) is used as in [5].
• Repeated indices of tensorial equations are to be summed over. Greek indices run over
all four components of spacetime tensors with 0 denoting the time component, whereas
Roman indices run only over the three spatial components.




d3x f(x) e−ik·x f(x) = 1(2π)3
∫ ∞
−∞
d3k f̃(k) eik·x (10)
Chapter 1
Introduction
This chapter aims to provide the reader with a brief overview of key concepts of modern
cosmology. Whilst it cannot compete with more extensive introductions, it serves as a review
of the necessary theoretical background and introduces notation used later in the thesis. The
books [6–10] and reviews [11, 12] were found very useful in its preparation.
1.1 The evolution of our Universe
At the heart of modern cosmology lies the assumption that our place in the Universe is in no
way special and that at the largest scales any observer would see all directions as equivalent
no matter where they are. This simple, yet powerful idea is called the cosmological principle
and it is the continuous progression that we have taken in our historical views of the cosmos,
from the geocentric to the heliocentric principle and beyond to the cosmological principle
today. Throughout the early 20th century it indeed only was a principle, but particularly over
the course of the last decades, observations of the sky on the largest scales have managed
to back up the cosmological principle with empirical data, confirming the homogeneity and
isotropy on the largest scales.
Another piece of the puzzle that is our Universe was the discovery that our Universe must
be expanding. This led to what is now referred to as the hot Big Bang model, which proposes
that our Universe originated about 14 billion years ago in a very hot and dense state and has
been expanding and thus cooling ever since. This picture has been successful in explaining
observations such as the relation of the receding velocity versus distance of far away galaxies
called the Hubble diagram, the abundance of chemical elements in the Universe, and the
black-body spectrum of the cosmic microwave background (CMB) radiation.
“A picture is worth a thousand words” the saying goes, and fig. 1.1 conveys in a useful
visual way:
• the evolution of our Universe with its key stages,
• how we know about it, i.e. what observational probes we have,
• the associated time and energy scales.
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a period of exponential expansion in the very early universe, is believed to have taken place some
10 34 seconds after the Big Bang singularity. Remarkably, inflation is thought to be responsible
both for the large-scale homogeneity of the universe and for the small fluctuations that were the
seeds for the formation of structures like our own galaxy.
The central focus of this lecture series will be to explain in full detail the physical mechanism
by which inflation transformed microscopic quantum fluctuations into macroscopic fluctuations in
the energy density of the universe. In this sense inflation provides the most dramatic example
for the theme of TASI 2009: the connection between the ‘physics of the large and the small’.
We will calculate explicitly the statistical properties and the scale dependence of the spectrum of
fluctuations produced by inflation. This result provides the input for all studies of cosmological
structure formation and is one of the great triumphs of modern theoretical cosmology.
1.2 Structure and Evolution of the Universe
There is undeniable evidence for the expansion of the universe: the light from distant galaxies is
systematically shifted towards the red end of the spectrum [4], the observed abundances of the light
elements (H, He, and Li) matches the predictions of Big Bang Nucleosynthesis (BBN) [5], and the
only convincing explanation for the CMB is a relic radiation from a hot early universe [6].
3 min Time [years] 380,000 13.7 billion10 -34 s
Redshift 026251,10010 4
Energy 
























Figure 2: History of the universe. In this schematic we present key events in the history of the
universe and their associated time and energy scales. We also illustrate several cos-
mological probes that provide us with information about the structure and evolution
of the universe. Acronyms: BBN (Big Bang Nucleosynthesis), LSS (Large-Scale Struc-
ture), BAO (Baryon Acoustic Oscillations), QSO (Quasi-Stellar Objects = Quasars),
Ly↵ (Lyman-alpha), CMB (Cosmic Microwave Background), Ia (Type Ia supernovae),
21cm (hydrogen 21cm-transition).
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Figure 1.1 Schematic volution of the Univers and ho we know about it, with arrows indicating
astrophysical observables (figure taken from [11]): Our current standard model of cosmology starts
at the Big Bang marked by the question mark, highlighting our lack of a unified theory of quantum
gravity to explain physics beyond the Planck scale. Since then our initially hot and dense Universe has
expanded, illustrated by the red line roughly tracking the scale, and cooled, indicated by the x-axis
for the Energy. The gradual cooling of the Universe causes interaction rates between the particles
of the primordial plasma to drop until some interactions cease entirely, once their rate becomes
smaller than the expansion rate of the Universe. In a tiny fraction of a second after the Big Bang, we
assume that cosmic inflation caused an exponential expansion, ensuring that our observed Universe is
isotropic to one part in 105 and close to flat. This was followed by neutrino decoupling and Big Bang
Nucleosynthesis (BBN) where protons and neutrons started to combine to form light elements (mostly
Hydrogen, Helium, and some Lithium). At recombination, protons and electrons start to combine and
form atoms, such that the Universe becomes neutral. The leftover radiation is no longer scattered, but
can now freely stream. It is called the cosmic microwave background (CMB) and is mostly isotropic,
but has small observable anisotropies, the result of initial primordial density fluctuations. Similarly,
primordial gravitational waves imprint an observable polarisation pattern onto the CMB. During the
dark ages the Universe is essentially neutral such that no new light is being emitted, giving the epoch
its name. Eventually the small initial density perturbations grow via gravitational instability to form
the large scale structure (LSS). This gravitational collapse then leads to the formation of stars, galaxies
and quasi stellar objects (QSO) that reionise the Universe. When the first stars run out of nuclear
fuel, they explode as supernovae (e.g. type Ia supernovae), providing a mechanism for the formation of
heavy particles.
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Figure 1.2 Map of the cosmic microwave background (CMB) anisotropies as observed by the Planck
satellite [16] and produced with the SMICA component separation algorithm. The grey outline shows
the extent of the confidence mask used to exclude the Milky Way and other foreground contamination
from the computation of the CMB power spectrum.
1.2 The Cosmic Microwave Background (CMB)
When Wilson and Penzias first detected the cosmic microwave background (CMB) in 1965 [13,
14], they actually stumbled upon it more by accident. They planned to use their radiometer
for radio astronomy, but after attempting to eliminate or account for every contribution to
the noise temperature they still ended up with an excess noise of (3.5 ± 1.0) K. In his Nobel
lecture, Wilson tells the anecdote of how they even suspected a pair of pigeons to be the
potential culprits, but a thorough clean-up of their droppings did not rid the antenna of
its residual noise [15]. Only after communication with Dicke did they become aware of the
possibility that this residual noise might actually be the black-body background radiation left
over from a hot and dense early universe.
Later, in 1990, the Cosmic Background Explorer (COBE) confirmed that the CMB indeed
has a near-perfect black-body spectrum and revealed that there are very faint anisotropies
across the sky. This last finding was further improved by the Wilkinson Microwave Anisotropy
Probe (WMAP) [17–20] and by the Planck satellite [16, 21, 22].
These CMB observations are key pieces of evidence for the hot Big Bang model and have
been crucial in transforming cosmology into a precision science. The CMB is the left-over
radiation from the Big Bang that decoupled from ordinary matter at the epoch of recombination
when the Universe became neutral roughly 380 000 years after the Big Bang. Since then
it travelled freely through space until reaching us today. With a near-perfect black-body
spectrum, the CMB has an almost uniform temperature of TCMB = (2.725 48 ± 0.000 57) K [23]
across the whole sky. Only tiny fluctuations can be observed, ranging from −300 µK to 300 µK,
as shown on the full sky map in fig. 1.2 that was observed by the Planck satellite [16].
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1.3 Other Observables
The Planck satellite has provided us with exquisite data of the CMB, allowing us to make
inferences to unprecedented accuracy. Although we focus on data from the Planck satellite in
this thesis, we should acknowledge that there are other probes that can be complementary
to the CMB. This is particularly useful for the exploration of potential systematic errors
or parameter degeneracies. Combining different data sets requires care, though. When
two datasets disagree significantly on one or more parameters, then this is an indication of
unaccounted systematic errors or of something missing in the underlying model, such that
the combination of both datasets will not lead to a meaningful result. The currently most
prominent example for this is the so-called “Hubble tension” referring to a discrepancy in the
Hubble parameter between measurements of the early (CMB) and late (local) Universe [24].
CMB lensing
The CMB light that originated at the epoch of recombination and reaches us today had to
pass through the large scale structure which deflected (or lensed) it weakly from its straight
path via gravitational lensing. These small deflections lead to tiny distortions and blurring
of the CMB pattern in temperature and polarisation maps of the sky that are related to
the gravitational potential integrated along the line of sight. The effect of this lensing was
measured to very high precision in both temperature and polarisation maps by the Planck
satellite [25].
Further, this can be used to reconstruct the so-called lensing potential, i.e. the gravitational
potential integrated along the line of sight, essentially a map of all the matter in the Universe
in projection. This map can be used as data additional to the temperature and polarisation
data.
Baryon Acoustic Oscillations (BAO)
Initial density fluctuations in the primordial plasma lead to counteracting forces of gravity and
radiation-induced pressure. This causes oscillations similar to sound waves in air. While the
(non-interactive) dark matter perturbations grow in place at the centre of these sound waves,
the baryonic∗ perturbations are carried out in an expanding spherical wave. By the epoch of
recombination when photons and baryons decouple, the radius of this wave has grown to a
radius of about 150 Mpc and is commonly referred to as the sound horizon. The resulting
dominant overdensities at the centre and at the sound horizon of that initial perturbation lead
to a resonant peak in the power spectrum at the corresponding wavelength. This characteristic
acoustic peak can be used as a so-called “standard ruler” measurable at a number of redshifts
and thus allowing to determine the rate of expansion of the Universe (as parametrised by the
Hubble parameter H0) on geometric grounds [26].
∗Note that in Astrophysics the term “baryons” is applied to all ordinary (i.e. non dark) matter. More
details in section 1.4.
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Thus, BAOs provide a complementary approach to determining the Hubble parameter
and curvature of the Universe that could help break the degeneracy between these parameters
present in CMB data. However, there have been concerns about combining CMB with BAO
data due to a potential tension between the datasets that might hint towards systematic
errors or new physics [27–29].
Supernovae
Type Ia supernovae have a tight relation between peak absolute magnitude and the width of
their light curve. This makes it possible to use them as so-called “standard candles”, meaning
that the discrepancy of the observed brightness and the surface brightness inferred from the
width of the light curve can be used to constrain the luminosity distance. This lead to the
2011 Nobel prize “for the discovery of the accelerating expansion of the Universe through
observations of distant supernovae” [30].
Distance measurements
A model-independent way of measuring the expansion rate of the Universe (as opposed to with
the CMB where some realisation of a cosmological model needs to be assumed) is by calibrating
the distances of supernovae with e.g. Cepheid variable stars [31] or stars from the tip of the
red giant branch (TRGB) [32]. The Cepheid variables or TRGBs themselves are calibrated
using parallax measurements in the Milky Way or through detached eclipsing binaries in the
Large Magellanic Cloud or through masers in nearby galaxies [31]. This successive calibration
of distance scales is also referred to as the cosmological distance ladder. The Hubble constant
inferred from these measurements tends to be higher than from CMB or BAO measurements,
and in case of the calibration with Cepheid variable stars the resulting Hubble constant of
H0 = (74.03 ± 1.42) km s−1 Mpc−1 is over 4 σ in tension with CMB results. This so-called
“Hubble tension” is currently the source of much discussion (e.g. at the 2019 conferences
“Consistency of cosmological datasets: evidence for new physics?” in Cambridge, “Tensions
between the Early and the Late Universe” in Santa Barbara, or “Cosmic Controversies” in
Chicago).
1.4 The (current) standard model of cosmology
Thanks to its success in explaining the Hubble diagram (i.e. the farther away a galaxy is
from us the faster it recedes from us), the abundance of light elements in the Universe and
the uniform black-body radiation of the cosmic microwave background (CMB), the “Hot Big
Bang” model has long been accepted as the standard model of cosmology. Over the course of
the last couple decades, data from supernovae and particularly from the CMB have furthered
our picture and the currently best-fitting model to describe our Universe is often known as
ΛCDM: A universe that is dominated today by some form of dark energy behaving like a
vacuum energy (i.e. like the cosmological constant Λ from general relativity) with density
parameter ΩΛ ≈ 0.7 indicating roughly 70 % of the overall energy content, and where the
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Table 1.1 Parameter constraints on the six ΛCDM sampling parameters
and some derived parameters from Planck 2018 temperature and polarisation
data [33]. The third column additionally uses data from Planck lensing and
from baryon acoustic oscillations (BAOs).
TT,TE,EE+lowE TT,TE,EE+lowE+lensing+BAO
Parameter 68 % limits 68 % limits
Ωbh2 . . . . . 0.02236 ± 0.00015 0.02242 ± 0.00014
Ωch2 . . . . . 0.1202 ± 0.0014 0.11933 ± 0.00091
100 θs . . . . 1.04109 ± 0.00030 1.04101 ± 0.00029





. . 3.045 ± 0.016 3.047 ± 0.014
ns . . . . . . 0.9649 ± 0.0044 0.9665 ± 0.0038
H0 . . . . . . 67.27 ± 0.60 67.66 ± 0.42
ΩΛ . . . . . . 0.6834 ± 0.0084 0.6889 ± 0.0056
Ωm . . . . . . 0.3166 ± 0.0084 0.3111 ± 0.0056
109As . . . . 2.101 + 0.031− 0.034 2.105 ± 0.030
matter Ωm ≈ 0.3 behaves like a cold and dark fluid, i.e. it is essentially collisionless and does
not interact electromagnetically. For a more in-depth review I recommend the (skeptical)
guide to the ΛCDM model by Scott (2018) [12] as an excellent reference.
The ΛCDM model is typically described through 6 (arguably 7) free parameters. The
Planck satellite has measured these to high precision [33–35]. Table 1.1 lists some parameter
constraints from Planck 2018 temperature and polarisation data [33]. The free parameters
are:
Baryon density ωb = h2Ωb: The baryonic matter density Ωb is made up of the ordinary
(non-relativistic) matter in the Universe, i.e. atoms, ions, protons, electrons etc. Note
that this is the astronomical definition of baryons and as such differs from the concept of
baryons in particle physics. Often a rescaling with the dimensionless Hubble parameter h
is included making it proportional to the physical energy density: ωb = h2Ωb.
Cold dark matter density ωc = h2Ωc: The cold dark matter density Ωc makes up the
remaining part (after subtracting the baryon density) of the overall matter density Ωm.
Here, too, a rescaling with the dimensionless Hubble parameter h is commonly included:
ωc = h2Ωc.
Angular sound horizon 100 θs: The distance sound waves could have travelled in the time
before recombination is known as the sound horizon rs. Together with the distance d to
the surface of last scattering of photons (at recombination where the Universe became
neutral) it determines the angular size of the sound horizon θs ≈ rsd . It is commonly
referred to multiplied by a factor of 100.
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Reionisation optical depth τreio: The epoch when matter sufficiently collapsed under
gravity such that the first stars formed which (re-)ionised the Universe is referred to as
the epoch of reionisation. The optical depth to reionisation τreio quantifies how much
the CMB photons are scattered by that reionised medium at late times.
Scalar power spectrum amplitude ln(1010As): The amplitude As of the initial scalar
perturbations (also referred to as primordial density perturbations) is typically measured
at the pivot scale k∗ = 0.05 Mpc−1 and given in its logarithmic form. These initial
perturbations serve as seeds for the CMB anisotropies which in turn are the seeds for
the eventual formation of the large scale structure.
Scalar spectral index ns: The spectral index ns of primordial density perturbations governs
the slope of the initial power spectrum and, like the amplitude As, is measured at the
pivot scale k∗ = 0.05 Mpc−1. In an early attempt to explain the observed structures
in the Universe, Harrison (1970) [36], and Peebles and Yu (1970) [37] independently
suggested a scale-invariant initial power spectrum with ns = 1 from adiabatic initial
conditions, which was further picked up by Zeldovich (1972) [38]. Cosmic inflation (more
on this in section 1.6) predicts the scalar spectral index to be slightly below (albeit
very close to) scale invariance (ns ≲ 1). One of the major successes of inflationary
cosmology was the confirmation of this departure from scale invariance at the 8 σ level
(see table 1.1) with CMB data.
CMB temperature TCMB: Today’s temperature of the CMB has been measured to ex-
tremely high precision to be TCMB = (2.725 48 ± 0.000 57) K [23]. As such, it is often
considered to be fixed and not treated as a free parameter.
Beyond these 6 (or 7) free parameters, there are various assumptions that go into the
ΛCDM model. Many of them can be tested for their relevance through parameter extensions
of the ΛCDM model, e.g. extensions with the curvature density parameter ΩK,0, the effective
number of relativistic species Neff , the sum of neutrino masses
∑
mν of the three neutrino
mass eigenstates, the running nrun of the scalar spectral index, or the tensor-to-scalar ratio r
of primordial perturbations. Table 1.2 shows the constraints on these parameters [33]. In the
ΛCDM model these parameters are accounted for as follows:
Spatial curvature ΩK,0: The global spatial geometry of the Universe is assumed to be flat
ΩK,0 = 0 in the base ΛCDM cosmology. Since the curvature constraints are degenerate
with some other parameters (e.g. the present-day Hubble H0, matter density Ωm and
Λ density parameter ΩΛ), tighter constraints can be achieved through combination of
different types of data. A joint analysis of data from CMB, CMB lensing and baryon
acoustic oscillations (BAO) leads to ΩK,0 = 0.0007 ± 0.0037 [33], perfectly consistent
with spatial flatness. However, there have been concerns about possible tension between
CMB and lensing or BAO datasets when including non-zero curvature [27–29]. CMB data
on its own actually prefers a closed universe (see also table 1.2). The subscript “0” refers
to the present-day value of the parameter and, different to the other density parameters
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(e.g. Ωb and Ωc), it is retained for the curvature density parameter ΩK,0 in this thesis
to clearly set it apart from the also frequently used time-variable parameter ΩK .
Effective number of relativistic species Neff : The standard ΛCDM model assumes an
effective number of relativistic species of Neff ≈ 3.046 [39, 40]. The 3 is for the three
standard model neutrinos. The effective number is expected to be slightly larger than
three, because the neutrinos were not completely decoupled when electron-positron
annihilation began. Hence, the neutrinos were heated up by decaying electron-positron
pairs [33, 41]. Results from an extension of the ΛCDM model with Neff are perfectly
consistent with the base ΛCDM assumption.
Neutrino masses mν : Since neutrino oscillation experiments measure two non-zero mass-
squared differences [42–44], we know that there must be three discrete mass eigenstates.
But for the ΛCDM cosmology this is typically simplified with the assumption of two
massless and one massive neutrino with ∑mν = 0.06 eV. Currently CMB and BAO
data only provide a rather loose upper bound. Future CMB experiments aim at pushing
this bound further down, such that the ordering of the mass squared splittings from
oscillation experiments can be resolved [45–47].
Running of the scalar spectral index nrun: The running nrun ≡ dns / d ln k of the scalar
spectral index ns is assumed to be negligible. Most inflation models from a single scalar
field predict a slightly negative value for nrun. The current best constraints from CMB
data are consistent with no running and with all major inflation models with a single
scalar field.
Tensor-to-scalar ratio r: Primordial gravitational waves are assumed to be negligible.
Most inflation models from a single scalar field predict a non-zero value. A possible
detection of such tensor modes in the primordial power spectrum is often referred to
as a “smoking gun” of inflation, providing the best indirect evidence together with the
scalar spectral index ns. Lowering the constraints on this parameter is a prime target in
most upcoming CMB experiments such as the Simons Observatory [45], the LiteBIRD
satellite [46] or CMB-S4 [47].
1.5 The homogeneous and isotropic, expanding Universe 9
Table 1.2 Parameter constraints on single-parameter extensions of the ΛCDM
model. The second column shows constraints from Planck 2018 temperature
and polarisation data [33]. The third column additionally uses data from
Planck lensing and from baryon acoustic oscillations (BAOs). Note that the
tensor-to-scalar ratio r0.002 is reported for the pivot scale k∗ = 0.002 Mpc−1
in the Planck paper, differing from the pivot scale otherwise used in this
thesis of k∗ = 0.05 Mpc−1.
TT,TE,EE+lowE TT,TE,EE+lowE+lensing+BAO
Parameter 95 % limits 95 % limits
ΩK,0 . . . . . −0.044 + 0.033− 0.034 0.0007 ± 0.37
Neff . . . . . 2.92 + 0.36− 0.37 2.99 + 0.34− 0.33∑
mν . . . . < 0.257 eV < 0.120 eV
dns / d ln k . . −0.006 ± 0.013 −0.004 ± 0.013
r0.002 . . . . . < 0.107 < 0.106
1.5 The homogeneous and isotropic, expanding Universe
This section reviews the mathematical background on which cosmic inflation is built. A
combination of Einstein’s theory of general relativity (section 1.5.1) with the Friedmann–
Lemaître–Robertson–Walker (FLRW) metric (section 1.5.2) leads to the Friedmann equations
of cosmology (section 1.5.5), which govern the dynamics of the expansion of the Universe.
1.5.1 Einstein’s equations of general relativity
Einstein’s theory of general relativity [48] is rooted in the equivalence principle, which states
that the inertial mass of a particle is equal to the gravitational mass of that particle in a
gravitational field. Equivalently we can say that the acceleration of a particle in a gravitational
field is independent of the particle’s nature. This removes gravity from being one of the
fundamental forces and turns it into a property of spacetime itself. The other forces (the
electromagnetic, strong or weak force) still act on objects on that spacetime background.
However, in the absence of other forces, objects move along their geodesics, the generalisation
of the notion of a “straight line” in a curved spacetime. The spacetime itself in turn is
distorted by the presence of massive objects.






−g (LEH + Lmatter) , (1.1)
where g corresponds to the determinant of the metric tensor gµν and where the Lagrangian
density L is split into a matter part Lmatter and into a gravitational part LEH = 12m2pR,
governed by the Ricci scalar R. The integral of LEH on its own is known as the Einstein–
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Hilbert action. The matter Lagrangian Lmatter represents the Universe’s matter (or energy)










The Euler–Lagrange equations will then lead to Einstein’s field equations of general relativity,
given by:




The Ricci scalar R and tensor Rµν encapsulate the curvature of the spacetime of the Universe.
The Ricci scalar is the contraction of the Ricci tensor with the metric, while the Ricci tensor
itself is given by:
Rµν = Γαµν,α − Γαµα,ν + ΓαβαΓβµν − ΓαβνΓβµα, (1.4)






gαν,β + gβν,α − gαβ,ν
)
, (1.5)
where a subscript comma denotes a partial derivative, i.e. A,α = ∂∂xα A.
In principle one can add a cosmological constant term Λgµν to the left hand side of eqs. 1.3.
However, this term can also be interpreted as the vacuum energy density ρvac and thus
included in the energy-momentum tensor Tµν on the right hand side, which is the approach
adopted in this thesis.
1.5.2 FLRW metric of the homogeneous and isotropic Universe
Assuming homogeneity and isotropy on the largest scales leads to the Friedmann–Lemaître–
Robertson–Walker (FLRW) metric of spacetime [49–54]. Using comoving, spherical coordi-
nates r, θ, and ϕ, it is defined through the line element:
ds2 = gµν dxµ dxν = − dt2 + a2(t)
[
dr2
1 − Kr2 + r
2
(
dθ2 + sin2θ dϕ2
)]
(1.6)
where the scale factor a(t) characterises the relative size and K the global curvature of the




+1, spherical or closed,
0, Euclidean or flat,
−1, hyperbolic or open.
(1.7)
∗Note, that there are different conventions in the treatment of the spatial curvature parameter K. Here,
we absorb any arbitrariness in the magnitude of K into the radial coordinate and the scale factor, such that K
only takes one of {−1, 0, +1} (see e.g. [8] for more details). Because of the sign of the spatial curvature
parameter K, another common way of referring to the geometry of the Universe is as positive and negative
curvature. Note, however, that this can be easily confused with the sign of the curvature density parameter ΩK
(see definition 1.19), which has the opposite sign of K.
1.5 The homogeneous and isotropic, expanding Universe 11
Note that for the dynamics in flat (K = 0) universes the overall normalisation of the scale
factor a(t) is irrelevant. All that matters is the ratio of a(t) at different times. In chapter 5
we will see, though, how in curved (K ̸= 0) universes the overall normalisation of a(t) plays
an important role in linking the scale of the Universe across different epochs in the evolution
of the Universe.
1.5.3 Conformal time




Writing the FRW metric with respect to conformal time, it becomes conformally equivalent
to Minkowski space (hence the name):
ds2 = a2(η)
(
− dη2 + dX2
)
, (1.9)
where we have abbreviated the comoving spatial part of the FRW metric in eq. (1.6) as dX2.
Thus, and since ds2 = 0 for photons, the conformal time η is also equal to the comoving
distance light could have traveled in a time interval t. In other words, the trajectories for
photons are straight lines at 45° angles in spacetime diagrams with η and X as axes (where
we assume that our coordinate system points in the radial direction of the photon’s motion).
1.5.4 Particle horizon
Having linked conformal time to the comoving distance of radially propagating photons in
the preceding section, it is now straightforward to define the maximum comoving distance χ
that light can propagate between an initial time ti and some later time t, which we call the
particle horizon:






Applying the cosmological principle also to the contents of the universe, we assume the
energy-momentum tensor to be that of a perfect isotropic fluid as seen by a comoving observer:
T µν = diag(−ρ, p, p, p) with an energy density ρ and a pressure p.
Together with the FRW metric from eq. (1.6) we can then condense the dynamics from
the Einstein eqs. 1.3 to two equations, the Friedmann equations, governing the dynamics of
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Table 1.3 Dynamics of the scale factor a, energy density ρ and comoving Hubble horizon (aH)−1 for
different dominating components to the matter-energy content of the Universe expressed through their
equation-of-state parameter w. Note that curvature domination will lead to gravitational collapse for
closed universes. Hence, taken on its own, the proportionalities for curvature in the last row are only
valid solutions for open universes.
domination equation-of-state scale factor energy density comoving Hubble horizon
general w ̸= −1 a = t
2
3(1+w) ρ = a−3(1+w) (aH)−1 ∝ a 1+3w2
radiation w = + 13 a = t1/2 ρ = a−4 (aH)−1 ∝ a1
matter w = 0 a = t2/3 ρ = a−3 (aH)−1 ∝ a1/2
cosmological constant Λ
dark energy w ≈ −1 a = eHt ρ = const. (aH)−1 ∝ a−1
inflation
curvature w = − 13 a = t1 ρ = a−2 (aH)−1 ∝ const.











Ḣ + H2 = − 1
6 m2p
(ρ + 3p), (1.12)
where a dot denotes differentiation with respect to cosmic time (ḟ ≡ dfdt ) and where H =
ȧ
a is
the Hubble parameter that quantifies the expansion rate. Combining eqs. (1.11) and (1.12) or
equivalently using the conservation of the energy-momentum tensor ∇µT µν = 0 we can derive
the continuity equation:
ρ̇ = −3H(ρ + p). (1.13)
For a general fluid with an equation of state parameter wi = pi/ρi, we can then derive the
dynamics of the energy density as:
ρi ∝ a−3(1+wi), (1.14)
a ∝
t
2/3(1+wi) w ̸= −1
eH0t w = −1
(1.15)
Table 1.3 lists the solutions for the dynamics of the scale factor and energy density for some
of the commonly assumed fluids.
In a somewhat more realistic scenario, one assumes a mixture of multiple fluids that do
not interact except through their mutual gravitation, but that otherwise each behave like a
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perfect fluid contributing to the energy density and pressure from eqs. (1.11) to (1.13). In








where the index runs over all relevant contributions. In our Universe, we observe contributions
from radiation (wr = 13), matter (wm = 0), and a cosmological constant (wΛ = −1). We can
also incorporate the contribution from curvature to the dynamics of the scale factor in form
of a cosmological fluid with equation of state parameter wK = −13 .
It is common to define the dimensionless energy density parameter in form of the ratio of























and with the consistency relation
∑
i
Ωi = 1. (1.20)
1.6 Cosmic inflation
Despite its great success, there are some shortcomings to the hot Big Bang model in explaining
the initial state of the Universe. These shortcomings are the horizon problem, the flatness
problem and the question of the seed of anisotropies that lead to our observed large scale
structure of the Universe. We outline these problems in sections 1.6.2 to 1.6.4.
The leading theory to address these questions is through the phenomenon of cosmic
inflation that was first developed in the early 1980s by Starobinskǐı (1979) [55], Guth (1981)
[56], Linde (1982) [57] and Albrecht and Steinhardt (1982) [58]. Cosmic inflation assumes
that the Universe underwent a period of exponential expansion very early in the Universe’s
history (somewhere between 10−36 and 10−32 seconds after the Big Bang), before the start
of the standard hot Big Bang evolution. Intriguingly, inflation offers an explanation to both
the large-scale homogeneity and flatness, as well as the small scale fluctuations that grew to
become structures like our own Milky Way.
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The simplest way of implementing such an early accelerated expansion is via a single scalar
field ϕ, which we call the inflaton, and its potential V (ϕ). Assuming that the inflaton field
is the only contribution to the matter-energy content of the hot and dense early Universe,
the matter Lagrangian from eq. (1.1) describing the dynamics of the inflaton field minimally
coupled to gravity is given by:
Lmatter = Lϕ = 12 g
µν ∂µϕ ∂νϕ − V (ϕ). (1.21)
With the FLRW metric from eq. (1.6) and restricting to the case of a homogeneous field
ϕ(t, x) = ϕ(t) this leads to an energy-momentum tensor of the form of a perfect fluid with
energy density ρϕ and pressure pϕ given by:
ρϕ = −12 ϕ̇
2 + V (ϕ), pϕ = −12 ϕ̇
2 − V (ϕ). (1.22)
Inserting these into the Friedmann eqs. (1.11) and (1.12) and the continuity eq. (1.13) we
obtain the background equations of inflation governing the expansion of the Universe and the














, ϕ̈ + 3Hϕ̇ + V ′(ϕ) = 0. (1.23)
1.6.1 Definitions of inflation
Accelerated expansion: Cosmic inflation is most commonly described as a period of expo-
nential or accelerated expansion, motivating the definition through a positive second
derivative of the scale factor:
ä > 0. (1.24)
Shrinking comoving Hubble horizon: To address various shortcomings of the hot Big
Bang model (see e.g. section 1.6.2), it is often more useful to work with the equivalent







This can be easily shown to lead to an accelerated expansion as in definition 1.24 by
explicitly carrying out the time derivative.
Negative pressure: Definition 1.25 in turn can be related to the second Friedmann eq. (1.12)
resulting in a third option of defining inflation
p < −13ρ ⇒ w ≡
p
ρ
< −13 . (1.26)
Thus, inflation implies negative pressure.
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Potential dominated scalar field: With the expressions for energy density ρϕ and pres-
sure pϕ from eq. (1.22) we can turn the definition 1.26 into one directly relating to the
inflaton field:
V (ϕ) > ϕ̇2 (1.27)
Thus, when the inflaton’s potential dominates over the kinetic term (V (ϕ) ≫ ϕ̇2), then
the Universe undergoes an exponential expansion.
1.6.2 The Horizon Problem
The comoving Hubble horizon (aH)−1 is usually described as the length scale within which
physical processes operate coherently. It is also the length scale beyond which general

















which is the maximum comoving distance travelled by light since the beginning of the Universe.
This tells us that objects separated by comoving distances greater than η today could never
have been in causal contact.
This poses a problem for the conventional hot Big Bang model. With the comoving Hubble
horizon growing monotonically during radiation and matter domination (cf. table 1.3), there
was not enough time before the epoch of recombination to allow for a dynamical process
to explain the near-homogeneity of the CMB. Indeed we expect that a causally connected
patch on the CMB subtends an angle of only about 1.6° [59], far from the uniformity that we
observe across the whole sky. This problem is traditionally referred to as the horizon problem.
However, this problem can be solved by cosmic inflation. Since the comoving Hubble
horizon (aH)−1 is shrinking during inflation (cf. definition 1.25), it must have been much
greater in the past. Since the comoving Hubble horizon is in the integrand of eq. (1.28), it is
possible that η was much greater than (aH)−1 at the epoch of recombination and that scales
that were outside the comoving Hubble horizon then, might have been in causal contact well
before.
1.6.3 The Flatness Problem
Although current data still leave room for a non-zero present-day curvature density parame-
ter ΩK,0, it seems safe to say that this must be small (see also table 1.2). Since the curvature
density parameter ΩK from definition 1.19 is proportional to the square of the comoving
Hubble horizon, and since the comoving Hubble horizon is growing monotonically during
radiation and matter domination of the hot Big Bang evolution (cf. table 1.3), this means that
the curvature density, already small today, must have been very finely tuned to near zero in
the past. This tuning of the curvature density is referred to as the flatness problem. Although
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there is no reason why the curvature density parameter should not have been very small in
the past, a theory that generically predicts this would be more desirable from a fine-tuning
perspective.
If the radiation-dominated epoch of the hot Big Bang was preceded by a sufficiently long
period of cosmic inflation this would solve the flatness problem. Since by definition 1.25 the
comoving Hubble horizon decreases during inflation, this naturally drives the universe toward
flatness (keep in mind definition 1.19).
1.6.4 Seeds for anisotropies
The most remarkable feature of cosmic inflation is that it explains simultaneously the large-
scale smoothness and the small-scale deviation from that said smoothness. It provides a
mechanism for the origin of the tiny anisotropies that can be observed in the CMB and that
through gravitational collapse eventually grow and form the large scale structure of galaxies,
stars, and planets.
For a detailed review of the calculation of the primordial power spectra (PPS) generated by
quantum fluctuations, I refer the interested reader to the lecture notes by Baumann (2009) [11]
or to their favourite book (e.g. one of [7–10]). The general idea is to use the Einstein eqs. 1.3
and relate perturbations of the inflaton field (entering via the energy-momentum tensor)
ϕ → ϕ + δϕ , (1.29)
to perturbations of the metric gµν from eq. (1.6):
ds2 = gµν dxµ dxν = −(1 + 2Φ) dt2 + 2aBi dxi dt + a2
[
(1 − 2Ψ)δij + Eij
]
dxi dxj . (1.30)
Bi ≡ ∂iB − Si, Eij ≡ 2∂ijE + ∂iFj + ∂jFi + hij (1.31)
The term in square brackets consists of the spatial curvature perturbation Ψ and the spatial
shear Eij , which is symmetric (Eij = Eji) and traceless (Eii = 0). The term Bi is called
the shift function and Φ the lapse function. The vector perturbations Si and Fi decay in an
expanding universe and are irrelevant for simple inflation models. The tensor perturbations hij
are traceless (hii = 0) and divergenceless (∂ihij = 0) (or transverse).
In order not to confuse physical perturbations with coordinate perturbations, it is more
convenient to work with gauge-invariant quantities, i.e. variables that are insensitive to
perturbative coordinate changes (xµ → xµ + δxµ). One such gauge-invariant scalar is the
comoving curvature perturbation, which for the inflaton field ϕ is given by
R = Ψ + H
ϕ̇
δϕ . (1.32)
Applying the Einstein eqs. 1.3 to the metric and inflaton perturbations leads to the second-
order differential equation of motion for the Fourier transform Rk of the comoving curvature













Rk = 0, (1.33)
with the wavenumber k. Once a scale comes to exceed the shrinking comoving Hubble horizon,
i.e. once k ≪ aH, the comoving curvature perturbation freezes and is conserved until it
re-enters in the more recent past during radiation or matter domination.
Besides the scalar perturbations, which are associated with density fluctuations, there
are also tensor perturbations in eq. (1.30). The gauge-invariant tensor perturbations hij are
associated with primordial gravitational waves and can be specified by two scalars, h+ and h×,
corresponding to the two possible polarisation states. The equivalent expression to eq. (1.33)
for both tensor modes h+k and h
×
k is given by
ḧk + 3Hḣk +
k2
a2
hk = 0. (1.34)
1.7 Correlation functions and power spectra
The two-point (auto-)correlation function of a field φ(x) is a measure for the similarity (or
difference) between two points x separated by a distance r. It is defined as
ξφ(r) = ⟨φ(x)φ(x + r)⟩. (1.35)
Often it is more convenient to work in Fourier space. The Fourier transform of the correlation
function ξ(r) is called the power spectrum P (k) and equivalently defined as
(2π)3δ(3)(k − k′)P (k) = ⟨φ(k)φ(k′)⟩ (1.36)
with the Fourier convention
Pφ(k) =
∫
d3r ξφ(r) e−ik·r. (1.37)
In case of an isotropic and homogeneous Universe both correlation function and power
spectrum simplify and depend only on radial distance ξφ(r) = ξφ(r) or wavenumber magnitude









d(log k) Pφ(k) (1.38)
∗For simplicity we only show the equation of motion for a flat universe here. The corresponding one
including non-zero curvature is discussed in chapter 5.
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1.7.1 Primordial power spectra
Since both the comoving curvature perturbations Rk as well as the tensor perturbations hk
are conserved on super-horizon scales (see also section 1.6.4), their primordial power spectra









where the factor of 2 accounts for the two possible polarisation states of the tensor modes.
Slow-roll single-field inflation leads to an almost scale invariant scalar power spectrum.








where the power amplitude As and the spectral index ns (previously mentioned in section 1.4
and table 1.1) are defined at the pivot scale k∗. If not stated differently the pivot scale k∗ =
0.05 Mpc−1 is used in this thesis. The deviation of the spectral index ns from scale invariance
has been confirmed with CMB data to almost 8 σ precision.
1.7.2 CMB angular power spectra
In fig. 1.2 we have shown the full-sky map of the CMB temperature anisotropies. Since
these fluctuations are measured across the celestial sphere, a two-dimensional surface, it is
more convenient to expand the temperature deviations ∆T (n̂) in a direction given by the
unit vector n̂ in spherical harmonics Yℓ,m(n̂) rather than to work with the three-dimensional
Fourier spectrum (see [61] for more details):






In general, no cosmological theory can tell us the particular values of the coefficients aℓm, which
would imply knowledge about the exact position of fluctuations on the sky. Of cosmological
interest is instead the statistical distribution of the coefficients aℓm. The mean value is zero,
but the variance will have some non-zero value:
⟨aℓm⟩ = 0, ⟨aℓma∗ℓ′m′⟩ = δℓℓ′δmm′Cℓ. (1.44)
1.7 Correlation functions and power spectra 19
If the perturbations ∆T are Gaussian, then all their statistical information is encapsulated in






2ℓ + 1 . (1.45)
This fractional difference is known as cosmic variance. Fortunately it decreases with the
multipole moment ℓ∗. However for small ℓ (i.e. on large scales) cosmic variance limits the
accuracy with which the Cℓ can be measured.
Figures 1.3 to 1.5 show the power spectra of the CMB anisotropies as measured by the
Planck satellite [62] together with the corresponding best-fit ΛCDM model using the parameter
values from table 1.1. All CMB spectra are shown with the commonly used rescaling
DXXℓ ≡
1
2π ℓ (ℓ + 1) C
XX
ℓ , (1.46)
where X ∈ {T, E, B} is a placeholder for temperature, or E- or B-mode polarisation re-
spectively. E-mode polarisation arises from Thomson scattering in the (slightly) anisotropic
primordial plasma. B-mode polarisation can result from primordial gravitational waves or
from lensed E-modes leaking into B-modes.
∗At first glance it might be surprising that the error bars for multipoles ℓ = 3 and ℓ = 5 are greater than
the ones at ℓ = 2 and ℓ = 4 in fig. 1.3 even though according to eq. (1.45) the error bars should decrease for
larger multipoles. However, note that the ∆Cℓ are also proportional to the Cℓ, which are relatively high for

































Figure 1.3 Temperature (TT ) power spectrum of the CMB anisotropies. We show the data from the
Planck 2018 legacy and the corresponding curve for the best-fit ΛCDM model. The lower panel shows
the residuals with respect to the best-fit model.

































Figure 1.4 Temperature and polarisation (TE) cross-spectrum of the CMB anisotropies. We show the
data from the Planck 2018 legacy and the corresponding curve for the best-fit ΛCDM model. The
































Figure 1.5 E-mode polarisation (EE) power spectrum of the CMB anisotropies. We show the data
from the Planck 2018 legacy and the corresponding curve for the best-fit ΛCDM model. The lower
panel shows the residuals with respect to the best-fit model.
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The Planck likelihood function is derived using a hybrid approach, splitting the data
into a low and a high multipole regime. The details differed for the three data releases and
can be found in the corresponding likelihood papers [62–64]. Differences include e.g. the
choice of low-to-high multipole threshold, of frequency channels, and of foreground masks.
At low multipoles the distribution of the Cℓ cannot be well approximated by a Gaussian due
to the limited degrees of freedom per multipole ℓ. At the map level the CMB signal s and
instrumental noise n are individually nearly Gaussian distributed and thus also the actually














where n is the number of observed pixels and M(Cℓ) = S(Cℓ) + N is the data covariance
matrix made up of the CMB and noise covariance matrices respectively (see eq. (21) in [63] or
eq. (3) in [64]). For high multipoles there are sufficient degrees of freedom per multipole ℓ
such that a Gaussian approximation for the distribution of the Cℓ is possible:









where Ĉ is the data vector, C(θ) is the model prediction for parameter values θ, and Σ is the
covariance matrix (see eq. (13) in [64] or eq. (20) in [62]).
1.8 Conclusion
We have now presented the bigger picture and covered the necessary theoretical background
on inflationary cosmology. The next chapter is concerned with prior considerations for half-
constrained parameter extensions of ΛCDM. The following chapters discuss the effects of
a finite amount of inflation (just enough to solve the horizon and flatness problem) on the
primordial and CMB power spectrum. This is first motivated in chapter 3 using phase-space
diagrams for the inflaton field. In chapters 4 and 5 a Bayesian analysis of such inflationary
universes is performed for flat and curved cosmologies respectively.
Although all the chapters are self-contained and can in principle be read in any order, it
is instructive to continue with chapter 2, which starts out with a brief review of the Bayesian
methods that we apply to CMB data throughout this thesis.

Chapter 2
Bayesian evidence for the tensor-to-scalar
ratio r and neutrino masses mν:
Effects of uniform vs logarithmic priors
In this chapter we review the effect that the choice of a uniform or logarithmic prior has on
the Bayesian evidence and hence on Bayesian model comparisons when data provide only a
one-sided bound on a parameter. We investigate two particular examples: the tensor-to-scalar
ratio r of primordial perturbations and the mass of individual neutrinos mν , using the cosmic
microwave background temperature and polarisation data from Planck 2018 and the NuFIT 5.0
data from neutrino oscillation experiments. We argue that the Kullback–Leibler divergence,
also called the relative entropy, mathematically quantifies the Occam penalty. We further
show how the Bayesian evidence stays invariant upon changing the lower prior bound of an
upper constrained parameter. Using a logarithmic prior instead of a uniform prior frees the
ΛCDM extensions from their additional Occam penalty bringing the Bayesian evidence up to
par with the ΛCDM model without extension. For all prior options we get only a very slight
preference for the normal over the inverted neutrino hierarchy with Bayesian odds of about
3 : 2.
2.1 Introduction
The “principle of insufficient reason” (Bernoulli [65]) or “principal of indifference” (renamed
by Keynes [66]) states that in the event of multiple, mutually exclusive, possible outcomes
and in the absence of any relevant evidence, we should assign the same probability to all
outcomes [67]. In a Bayesian analysis, this is generalised to continuous parameters in the form
of uninformative priors. Complete prior ignorance about a location parameter is represented
by assigning a uniform distribution to the prior. Ignorance about a scale parameter on the
other hand is represented by assigning a logarithmic prior, i.e. a uniform distribution on the
logarithm of the parameter [67]. However, it is not always clear whether a parameter should
be treated as a location or scale parameter. This is quite commonly discussed when faced
with a strictly positive parameter such as a mass or an amplitude that is very small, yet still
unconstrained. In general, the decision whether to use a uniform or logarithmic prior has
23
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effects on credibility bounds and on the Bayesian evidence, i.e. on both levels of Bayesian
inference: parameter estimation and model comparison. Under the reasoning that you can set
the lower bound to zero and thus incorporate all possible small values, the uniform prior is
often preferred, whereas the logarithmic prior is criticised for a lack of an unambiguous lower
bound, and because the ultimate choice of the lower bound might affect a 95 % credibility
bound and the Bayesian evidence.
In this paper we show that the very last statement is typically not true and that the choice
of a lower bound for such a logarithmic prior is less problematic than commonly assumed.
To that end we will look at two cosmological examples in particular: the tensor-to-scalar
ratio r of primordial perturbations as well as the neutrino masses mν , where both uniform and
logarithmic priors have been applied historically (for the tensor-to-scalar ratio, see e.g. [33,
68–72]; and for the neutrino masses see e.g. [33, 73–81]). Since there is no theoretical preference
for one scale over another in either case, we believe that a logarithmic prior would indeed be
better motivated from a Bayesian perspective. However, we concede that from a sampling
perspective and regarding the description of posterior credibility bounds it can be simpler to
work with uniform priors.
The best constraints on the tensor-to-scalar ratio r0.05 ≲ 0.06 come from joint analyses
of cosmic microwave background (CMB) data, CMB lensing, and baryon acoustic oscilla-
tions (BAO) [33, 71], where a uniform prior on r was adopted. A common goal of upcoming
CMB experiments such as the Simons Observatory [45], the LiteBIRD satellite [46] and the
next-generation “Stage-4” ground-based CMB experiment (CMB-S4) [47] is to push to a
tensor-to-scalar ratio of r ∼ 10−3. In pushing to such small values of r, the question of
whether to adopt a uniform or logarithmic prior in one’s analysis becomes more pertinent.
Since neutrino oscillation experiments measure non-zero mass differences, we can conclude
that two or more neutrinos must have mass. However, the absolute scale of the individual
neutrino masses mi cannot be measured by the oscillation experiments, but only the mass-
squared splittings ∆m2ij = m2i − m2j . The strongest bound on the absolute neutrino mass
scales is currently provided again by combined CMB and BAO data, limiting the sum of the
neutrino masses to ∑mν ≲ 0.12 eV at 95 % confidence [80] (see also [78, 81] for other recent
analyses).
When investigating the three discrete neutrino mass eigenstates, the question of uniform
vs logarithmic priors arises again. Note, however, that given the known mass splittings from
oscillation experiments, the three neutrino mass scales are linked. If one mass scale is known,
then the others can be inferred from the mass squared splittings. Hence, only one mass
scale is truly unknown and assuming scale invariant (i.e. logarithmic) priors on all three
neutrino masses simultaneously would unduly favour smaller neutrino masses and thus a
normal neutrino hierarchy (NH) with m1 < m2 ≪ m3 compared to an inverted neutrino
hierarchy (IH) with m3 ≪ m1 < m2 (for more on this see also discussions in [73, 74]).
This paper is structured as follows: In section 2.2 we will start by giving a brief description
of our Bayesian analysis framework, including the data and base cosmological model used, as
well as the means of computing the Bayesian evidence. In section 2.3 we apply this to the
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tensor-to-scalar ratio r and compare to a theoretical mock example. In section 2.4 we perform
the equivalent analysis for the neutrino masses and contrast the results for the two neutrino
hierarchies. We conclude in section 2.5.
2.2 Methods
2.2.1 Bayesian inference
There are two levels to Bayesian inference: parameter estimation and model comparison (see
e.g. [67, 82]). Both these levels are based on Bayes’ theorem which relates inference inputs


















Posterior × Evidence = Likelihood × Prior,
PM (θ) × ZM = LM (θ) × πM (θ). (2.1)
The posterior P is the main quantity of interest in a parameter estimation, representing
our state of knowledge about the parameters θ in a given model M , inferred from our prior
information π and the likelihood L of the parameters under the data D. The evidence Z is
pivotal for model comparisons.
Were we interested only in parameter estimation, then it would be sufficient to care
only about the proportionality of the posterior to the product of likelihood and prior and
the Bayesian evidence could be neglected as a mere normalisation factor. However, for the
comparison of say two models A and B the evidence becomes important with the posterior








) = Pr(B)Pr(A) × ZBZA . (2.2)
Typically models are assigned the same prior preference such that the first term on the right-
hand side becomes unity, leaving simply the evidence ratio ZB/ZA, which can be interpreted
as betting odds for the two models. We typically quote this in terms of the log-difference of





The evidence is the marginal likelihood
ZM =
∫






and can be numerically approximated with Laplace’s method [83], estimated from a posterior
distribution attained e.g. from a Monte Carlo Markov Chain (MCMC) via the Savage–Dickey
density ratio (SDDR) [84–87] or via a nearest-neighbour approach [88, 89] or computed more
directly with nested sampling [90–96].
If the posterior distribution and the evidence have both been determined, then as a
byproduct one can also compute the Kullback–Leibler (KL) divergence, also called the relative
















which quantifies the overall compression from prior to posterior distribution.
2.2.2 Kullback–Leibler divergence and Occam’s razor
It should be noted that the Bayesian evidence naturally incorporates the so-called Occam’s
razor that penalises models for unnecessary complexity. It can be formulated as the principle
to “Accept the simplest explanation that fits the data” [82]. This can be neatly demonstrated
with the example of a model A with a uniform prior and Gaussian likelihood (see e.g. [82,
97]). Assuming a uniform prior in the range a ∈ [amin, amax] and a Gaussian likelihood on a
with mean a0 and standard deviation σa, the Bayesian evidence decomposes into two terms:






The first term on the right-hand side is the maximum likelihood point of model A. With
additional parameters, this term would only increase and therefore can only favour model A.
The second term incorporates the ratio of posterior to prior uncertainty of model A. Since the
posterior uncertainty σa is generally smaller than the prior uncertainty (amax − amin), this
term penalises model A for each of its parameters and thus embodies its Occam penalty. Note
that the posterior and prior uncertainties appear inversely in the normalisation factor of the
actual distributions.
More generally, the KL-divergence can actually be used as an estimator of the Occam















(log-)evidence = parameter fit − Occam penalty,
ln ZM = ⟨ln LM ⟩P − DKL,M , (2.6)
where we have dropped the dependence on θ to save space. Analogous to the example from
eq. (2.5), the first term on the right-hand side encapsulates the fit of the model, while the
KL-divergence is the average log-ratio of posterior to prior distribution (see also the last
equality in eq. (2.4)), thus identifying it as the Occam penalty. This has been intuitively
applied e.g. in the third figure in [27], but as far as the authors are aware eq. (2.6) is the first
time this has been stated analytically in this form.
While known to experts, a widely unappreciated fact is that the evidence stays unaffected by
an unconstrained parameter, i.e. when the data provide no information for that parameter [98].
In terms of eq. (2.6) this is reflected in an invariant likelihood ⟨ln L⟩P and a zero KL-divergence
∗Note that proving eq. (2.6) becomes surprisingly straight-forward when going from right to left and making
use of Bayes’ theorem (2.1).
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DKL(π =P)=0. Using the alternative labelling we can rephrase this: Adding an unconstrained
parameter does not affect the fit, but also does not incur an additional Occam penalty and
hence also leaves the evidence unaffected.
A popular measure for an effective number of constrained parameters is the Bayesian
model complexity [99]. However, this quantity relies on the use of a point estimator such as
the posterior mean or mode, which is why we prefer using the Bayesian model dimensionality d
in the following sections (see [100] for a more detailed discussion on Bayesian complexi-
ties/dimensionalities). The Bayesian model dimensionality can be computed straightforwardly






















Note the connection to eq. (2.6), where we used the posterior average of the log-likelihood.
As such, these two quantities provide an interesting additional perspective to that of the
(ln Z, DKL) pair. The posterior average of the log-likelihood informs us about the parameter
fit and the posterior variance of the log-likelihood measures the models’ complexity in the
form of the number of constrained parameters.
2.2.3 Cosmological models
In the following sections we perform Bayesian model comparisons on one-parameter extensions
to the ΛCDM model (universe dominated today by a cosmological constant Λ and by cold
dark matter), which we parametrise with the standard 6 cosmological parameters listed in
table 2.1 with their corresponding prior ranges.
In section 2.3 we extend the ΛCDM model by the tensor-to-scalar ratio r of primordial
perturbations, which is set to r = 0 in ΛCDM. In section 2.4 we extend the base model by
allowing for three distinct neutrino masses. In the ΛCDM model these are typically fixed to
two massless neutrinos and a single massive neutrino with mν = 0.06 eV.
2.2.4 Data
We use the 2018 temperature and polarisation data from the Planck satellite [62], which
we abbreviate as “TT,TE,EE+lowE”. Note that this is the same abbreviation as in the
corresponding Planck publication itself. The specific use of “lowE” but lack of “lowT” might
lead to the conclusion that only E-mode and no temperature data were used at low multipoles.
However, this is not the case. Both high-ℓ and low-ℓ temperature auto-correlation data are
implied in that abbreviation.
In section 2.4 we additionally use the NuFIT 5.0 (2020) data from neutrino oscillation
experiments [42–44] to set Gaussian priors on the mass squared splittings δm2 and ∆2m.
28 CHAPTER 2. UNIFORM VS LOGARITHMIC PRIORS
Table 2.1 Cosmological parameters of the base ΛCDM
cosmology the way they are sampled in our Bayesian
analysis. The second column shows their corresponding
prior ranges. The third column lists their mean and 68 %
limits from our base ΛCDM nested sampling run with
TT,TE,EE+lowE data from Planck 2018 and is in almost
perfect agreement with table 2 in [33].
Parameter Prior range 68 % limits
ωb = h2Ωb [0.019, 0.025] 0.02236 ± 0.00015
ωc = h2Ωc [0.025, 0.471] 0.1199 ± 0.0014
100 θs [1.03, 1.05] 1.04191 ± 0.00029





[2.5, 3.7] 3.043 + 0.015− 0.016
ns [0.885, 1.040] 0.9641 ± 0.0042
2.2.5 Statistical and cosmological software
We explore the posterior distributions of cosmological and nuisance parameters using Cobaya [101],
which provides both the MCMC sampler developed for CosmoMC [102, 103] with a “fast drag-
ging” procedure described in [104] and also the nested sampling code PolyChord [95, 96],
tailored for high-dimensional parameter spaces, which can simultaneously determine the
Bayesian evidence. Both samplers are interfaced with the cosmological Boltzmann code
CLASS [105–107], which computes the theoretical CMB power spectra for temperature and
polarisation modes.
PolyChord samples the entire prior volume and thereby allows us to infer both the posterior
distribution and the Bayesian evidence. This is done with multiple (nested) iterations i of
uniformly sampling a volume Xi with a sample number nlive of so-called “live points”. This




(Xi−1 − Xi) Li. (2.9)
Since the volumes Xi are not known exactly, we can only make inferences about the evidence
in terms of a probability distribution Pr(Z). Different to most other ways of determining the
Bayesian evidence, eq. (2.9) also allows us to estimate the sampling error on the evidence.
The evidence is approximately log-normally distributed, so in practice it is best to report the
mean and variance of log Z. The size of the sampling error scales with the number of live
points according to:
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ΛCDM
+r ∼ U(0, 1)
+log10 r ∼ U(−5, 0)
+log10 r ∼ U(−10, 0)
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Figure 2.1 Stability of the cosmological parameters for the tensor-to-scalar ratio extension of the base
ΛCDM cosmology with different priors on r: uniform in blue, logarithmic with lower bound −5 in
orange and logarithmic with lower bound −10 in red. For each parameter we show the mean and the
extent from quantile 0.16 to 0.84, i.e. the inner 68 % limits.
The run-time depends linearly on the number of live points, but parallelization with nprocs
processes gives a speed-up of:




A rule of thumb for the number of live points to use in order to get meaningful results on
evidence estimates is roughly nlive ∼ 25 d, where d is the dimension of the sampling space, i.e.
the number of sampling parameters. Thus for a cosmology run we will typically require about
500 to 1000 live points. For more details on the nested sampling calculation of the Bayesian
evidence and its errors we refer the reader to [95].
We use GetDist [108] to generate the data tables of marginalised parameter values. The
post-processing of the nested sampling output for the computation of Bayesian evidence,
KL-divergence and Bayesian model dimensionality, as well as the plotting functionality for
posterior contours is performed using the python module anesthetic [109].
2.3 Tensor-to-scalar ratio
The tensor-to-scalar ratio r quantifies what fraction of primordial perturbations is in the form
of gravitational waves, produced e.g. during cosmic inflation and potentially detectable in
their contribution to CMB B-modes.
So far, the major experiments probing the contribution of tensor modes to the CMB power
spectrum have adopted a uniform prior on r [33, 71]. However, the common target of r ∼ 10−3
for many upcoming CMB experiments such as the Simons Observatory, the LiteBIRD satellite
or CMB-S4, warrants the question as to whether a scale invariant prior might be better to
handle such low values. This question frequently brings up arguments of the ambiguity of the
lower bound to a logarithmic prior and its potential effect on the Bayesian evidence.
2.3.1 Tensor-to-scalar ratio: Posteriors
Figure 2.1 gives an overview of the stability of the cosmological base parameters across different
priors for r and compares them to the ΛCDM base model by showing their mean and 68 %
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Figure 2.2 Normalised one-dimensional posterior distributions for Planck 2018 TT,TE,EE+lowE data
for the spectral index ns and the tensor-to-scalar ratio r of primordial perturbations, contrasting the
difference between using a uniform (blue) or logarithmic (orange and red) prior on r. The shaded
histograms illustrate the prior distributions. Note that the dotted lines show the inferred parameters r
and log10 r in the respective opposite domain. This is done only to provide a more direct visual
comparison. However, these dotted contours are not data-driven parameter constraints. In particular
the blue dotted line results purely from a lack of small prior samples when sampling uniformly over r,
and does not in fact constitute a lower bound on the tensor-to-scalar ratio.
ranges. In addition to the ΛCDM base run, we have taken nested sampling runs with both a
uniform prior on the tensor-to-scalar ratio r∼U(0, 1) and with two logarithmic priors with
different lower bounds, log10 r∼U(−5, 0) and log10 r∼U(−10, 0). The near perfect alignment
across different setups reflects how little the tensor-to-scalar ratio correlates with the other
parameters.
In fig. 2.2 we focus on the spectral index ns and the tensor-to-scalar ratio r (or log10 r) in
particular by showing their one-dimensional marginalised posterior distributions. Figure 2.3
shows the corresponding two-dimensional joint probability contours of the 68 % and 95 %
levels for ns and r (or log10 r). We have included shaded histograms in the 1d plots and
scatter points in the 2d plots to give a notion of the prior distributions.
As already expected from fig. 2.1, the marginalised posterior for the spectral index is near
identical, irrespective of the prior on r. The tensor-to-scalar ratio in the right panel of fig. 2.2
drops off exponentially from r = 0 to larger values, thereby significantly compressing the prior,
which spans up to unity. When sampling logarithmically the posterior levels off towards small
scales and shows a step-like behaviour at the upper bound.
We have included the kernel density estimate from the uniform r-samples in the log10 r
plot and vice versa (dotted lines). This allows us to compare more directly what sort of
numerical values were actually used in those two cases. At a first naive glance one might be
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r ∼ U(0, 1)
log10 r ∼ U(−5, 0)
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Figure 2.3 Two-dimensional version of fig. 2.2 showing the 68 % and 95 % levels of the posterior
contours for Planck 2018 TT,TE,EE+lowE data for spectral index ns and tensor-to-scalar ratio r,
where again a uniform (blue) or logarithmic (orange) prior on r was used. The scattered dots give
a notion of that prior distribution. Note that the dotted lines are not true constraints as explained
in fig. 2.2. The thin black line divides the ns-r parameter space into regions of convex and concave
inflationary potentials.
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concerned that the dotted blue line actually indicates a lower bound, however, looking at
the blue shaded histogram in the 1d plot or the blue scatter points in the 2d plot it becomes
clear that this is entirely prior driven and reflects that uniform sampling of r does not reach
such low values (see also [110] on a related discussion about the importance of adjusting the
density when setting the x-scale to ‘log’). With a target of r ∼ 10−3 this highlights how the
parameter space is sampled rather inefficiently at those low values of interest when applying a
uniform prior, which would be an argument for adopting a logarithmic prior in the future.
One problem to be aware of with the unconstrained posteriors from a logarithmic prior
is that upper bounds in form of e.g. 95 % limits will change with the lower bound on the
logarithmic parameter: the smaller the lower prior bound, the smaller also the upper posterior
bound. This lack of a stable posterior bound is a result of the definition via percentiles, a
notion inspired by a normal distribution. For other types of distributions, such as the step-like
posteriors seen in the middle panel of fig. 2.2, percentiles of that sort are not the ideal measure
for an upper bound. For such a step-like posterior a better alternative would be to quantify
the position of the step directly, e.g. where the posterior drops to some fraction of its plateau
value. In the case that an exponential distribution provides a good fit to the non-logarithmic
parameter (see the mock example in the following section 2.3.3), the parameter value where
the posterior is 1/ e times its maximum turns out to be a stable choice, which corresponds to
the mean of the exponential distribution. Indeed, using that 1/ e measure for the step position
we get roughly the same upper bound on the tensor-to-scalar ratio for all prior options:
r < 0.06,
log10 r < −1.22.
(2.12)
Note, that these are not the habitually quoted 95 % upper bounds on the tensor-to-scalar
ratio. For the uniform sampling run of r, this limit in this case is closer to roughly an 80 %
upper bound. Note further that the choice of the 1/ e fraction provides a particularly stable
bound, because of the connection to the mean of the exponential distribution.
2.3.2 Tensor-to-scalar ratio: Evidence and Kullback–Leibler divergence
Nested sampling provides us with distributions for log-evidence ln Z, KL-divergence DKL
and Bayesian model dimensionality d in the same way as for the posterior of free model
parameters, which can be calculated straightforwardly using anesthetic’s analysis tools for
nested sampling output [109]. Figure 2.4 shows the contours for those quantities in a triangle
plot. We have normalised all quantities with respect to the base ΛCDM model, such that e.g.
for the log-evidence we have:
∆ ln Z = ln Z − ln ZΛCDM. (2.13)
Table 2.2 lists the summary statistics for the quantities from fig. 2.4.
The marginalised plot for the difference in log-evidence (topmost panel) with ∆ ln Z =
−2.95 ± 0.25 for the r-extension of ΛCDM shows that it is considerably disfavoured when
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Figure 2.4 Effect of uniform vs logarithmic priors on Bayesian model comparison for the tensor-
to-scalar ratio r: log-evidence ∆ ln Z, Kullback–Leibler divergence DKL (in nats), Bayesian model
dimensionality d, and posterior average of the log-likelihood ⟨ln L⟩P = ln Z + DKL. The probability
distributions represent errors arising from the nested sampling process. In the limit of infinite life
points these distributions would become point statistics, in contrast to posterior distributions. We
normalise with respect to the ΛCDM model without r (i.e. with r = 0). Note, how switching from
uniform to logarithmic sampling of r (i.e. from blue to orange/red) moves the contours along their
ln Z, DKL degeneracy line, i.e. relative entropy is traded in for evidence. Note further by comparison
of the orange and red lines, how changing the lower bound of the logarithmic sampling interval (by
5 log-units) barely affects the contours.
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Table 2.2 Mean and standard deviation of the log-evidence ln Z, Kullback–Leibler divergence DKL
and Bayesian model dimensionality d of the base ΛCDM cosmology and its r extension from
Planck 2018 TT,TE,EE+lowE data [62]. The ∆ indicates normalisation with respect to the base
ΛCDM model.
Model betting odds ∆ ln Z ∆DKL ∆d
ΛCDM 1 −0.00 ± 0.27 0.00 ± 0.26 0.00 ± 0.56
ΛCDM+ r ∼ U( 0, 1) 1 : 20 −2.95 ± 0.25 2.33 ± 0.25 1.25 ± 0.53
ΛCDM+ log10 r ∼ U(−5, 0) 5 : 8 −0.45 ± 0.20 0.33 ± 0.20 0.61 ± 0.42
ΛCDM+ log10 r ∼ U(−10, 0) 5 : 7 −0.34 ± 0.20 0.41 ± 0.20 0.81 ± 0.43
applying a uniform prior. However, switching from a uniform to a logarithmic prior negates
the difference in log-evidence completely, such that the log r extension ends up almost on par
with the base ΛCDM model.
Changing the lower bound for the logarithmic prior, on the other hand, barely affects
the evidence value at all. We have performed a run with a lower bound of log10 r = −5
and another with log10 r = −10, i.e. five orders of magnitude difference in r, and the ln Z
distributions are almost identical and, hence, their means well within one standard deviation
of one another. As explained in section 2.2.1, this is due to log r being unconstrained below
a certain threshold and the Bayesian evidence picking up only on constrained parameters.
This can seem counter-intuitive, since the Bayesian evidence is generally understood to
automatically penalise additional parameters. The key point is that the Occam penalty
essentially enters into the Bayesian evidence in the form of the ratio of posterior to prior
volume. If both volumes are the same, then they divide out and do not contribute to the
Occam penalty.
The last point becomes clearer by also taking into account the KL-divergence and recalling
eq. (2.6), where we identified DKL as a measure for the Occam penalty. Looking at the
correlation plot between log-evidence and KL-divergence makes it clear that there is a trade-
off happening between those two quantities when switching between uniform and logarithmic
priors. While the evidence increases for the logarithmic prior, the KL-divergence decreases,
as expected from the posterior plots in fig. 2.2, which shows how the change from prior to
posterior happens only at about log10 r ≳ −2. This is further reflected in the Bayesian model
dimensionality d, which shows a clear growing trend from about d = 16 for the base ΛCDM
model via a log r extension to about d = 17 for the r extension reflecting the one additional
sampling parameter. Note that the total number of sampled parameters consists of 6 base
cosmological parameters (+1 for the r extension) and 21 nuisance parameters from the Planck
likelihood.
Because of the trade-off between log-evidence and KL-divergence it is interesting also to
look at their sum, which from eq. (2.6) we know turns out to be the posterior average of the
log-likelihood:
ln Z + DKL = ⟨ln L⟩P . (2.14)
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This makes for an interesting pairing with the Bayesian model dimensionality, since d/2 is the
posterior variance of the log-likelihood. As such, these two quantities provide an alternative
perspective to that of the evidence and KL-divergence. The posterior average and variance of
the log-likelihood are a measure of the fit and complexity respectively. ⟨ln L⟩P is shown in the
last panel in fig. 2.4, where we indeed see that the line for uniform sampling of r has moved
much closer to the other lines, which is to be expected, since r and log r are fundamentally
the same parameter and therefore lead to a similar goodness of fit.
This behaviour can also be understood analytically, which we explore in the following
section in a one-dimensional mock example, simulating the r vs log r result.
2.3.3 Mock example
To illustrate further the role of a uniform vs a logarithmic prior on a Bayesian model
comparison, we propose the following mock example, which is loosely based on the pedagogical
example by Sivia and Skilling [97] explaining the effect of an additional (although in that case
constrained) parameter, which we already outlined in section 2.2.1.
Here, we will not assume a Gaussian likelihood that ultimately fully constrains a parameter,
but rather we will assume an exponential distribution as our likelihood on a strictly positive
parameter (which is the maximum-entropy distribution when only a mean is known):
L(a) = P0 e−a/µ, (2.15)
where P0 = Pr
(
D | a = 0
)
is the maximum likelihood value for the data D at a = 0 and
where µ is the mean of the likelihood distribution describing the data. Thus, the likelihood is
constrained only on one side, providing an upper bound, as shown in the left panel of fig. 2.5.
We will assume a model A, where we sample the parameter a uniformly in the interval
[a1, a2]. Furthermore, we will assume a model B, where we uniformly sample the parameter b =
log10 a in the interval [b1, b2], corresponding to logarithmically sampling the parameter a.
Since both models are fundamentally governed by the same quantity and will use the same
likelihood, any difference in Bayesian inference quantities will be purely prior driven.
We will make the following assumptions on the ordering of the prior limits:
0 = a1 < 10b1 ≪ µ ≪ 10b2 = a2 = 1. (2.16)
This ordering is motivated as follows: For the upper limit we require that the likelihood has
essentially dropped to zero. Hence, without loss of generality, we can set the upper limit to
one and require µ ≪ 1. The lower limit for the positive parameter a can be explicitly set
to zero when sampling uniformly. However, when sampling logarithmically we need to pick
some finite lower limit, which we require to be in the region 10b1 ≪ µ, where the likelihood
has essentially saturated with respect to b (see right panel in fig. 2.5). The dependence of
Bayesian quantities such as the evidence Z or the Kullback–Leibler divergence DKL on the
prior choice on the one hand and on this lower limit b1 on the other is the goal of this mock
example.
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r
ΛCDM + r
L(r) = P0 e−r/µr
µr ≈ 0.06
−5 −4 −3 −2 −1 0
log10 r
ΛCDM + log10 r
L(log10 r) = P0 e−r/µr
log10 µr ≈ −1.22
Figure 2.5 Exponential likelihood distribution from our mock example in eq. (2.15) compared to
Planck 2018 temperature and polarisation data (TT,TE,EE+lowE) on the tensor-to-scalar ratio r with
uniform sampling of r on the left and logarithmic sampling of r on the right. Note how the mean µr
fullfills the ordering required by eq. (2.16) and how the lower limit on log10 r is well into the saturation
plateau of posterior/likelihood.








Θ(b − b1) Θ(b2 − b), (2.18)
where Θ(x) is the Heaviside step function.
We can compute the evidence and Kullback–Leibler divergence for models A and B as:
ZA =
∫
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r ∼ U(0, 1)
log10 r ∼ U(bmin, 0)
Planck 2018 : ΛCDM+
r = 0
r ∼ U(0, 1)
log10 r ∼ U(bmin, 0)
Figure 2.6 Dependence of the log-evidence on the lower prior bound bmin: Comparison of the results
in eqs. (2.19) and (2.20) for the one-dimensional mock example to the nested sampling results from
table 2.2. The verical dotted line corresponds to the mean used in the likelihood distribution (cf.
fig. 2.5).
where Ei refers to the exponential integral. With the ordering from eq. (2.16) we can then
approximate these to give:
∆ ln ZA ≈ ln µ ∼ −3, ∆DKL,A ≈ −∆ ln ZA − 1 ∼ 2, (2.23)
∆ ln ZB ≈ ln
(
1 − log10 µ
b1
)
∼ 0, ∆DKL,B ≈ −∆ ln ZB ∼ 0, (2.24)
where we normalise with respect to a base model O with a = 10b = 0 fixed, such that ZO = P0
and DKL,O = 0. The numerical values assume µ ∼ 0.06, which is roughly the posterior mean
of the tensor-to-scalar ratio under uniform sampling in the preceding section. Hence, we can
compare these zeroth-order numerical approximations to the results in fig. 2.4 and table 2.2,
which indeed match.
Figure 2.6 makes this comparison more thoroughly, comparing the results from our one-
dimensional mock example in eqs. (2.19) and (2.20) with the nested sampling results from
table 2.2 for a variable lower bound bmin of the logarithmic prior. The mean ln Z of the base
model with r = 0 for both the mock example and for the base ΛCDM nested sampling run
are zero by definition of our normalisation. They serve only as calibration for the models with
uniform (blue) and logarithmic (orange) priors. All three nested sampling runs agree well
with the prediction from the mock example within their margins of errors.
Figure 2.6 illustrates how the evidence levels off with regards to the choice of the lower
bound of the logarithmic prior (orange line) also reflected in the near equal evidences of the
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nested sampling runs with lower prior bounds of −5 and −10 respectively. Note that the good
agreement between mock example and data in fig. 2.6 is due to the fact that the tensor-to-scalar
ratio is almost completely uncorrelated with the other cosmological parameters, with the
biggest (yet still small) correlation coming from the spectral index ns (cf. fig. 2.3).
So far we have only discussed the effect of changing the lower prior bound, which is the
main point of this paper. For completeness we should also address the effects of changing the
upper prior bound. The results from using a logarithmic prior are not very sensitive to the
upper prior bound as long as it is not pushed into the posterior bulk, i.e. not below roughly −1
in our mock example. For a uniform prior decreasing the upper prior bound will increase the
Bayesian evidence (and vice versa). However, as long as the upper prior bound stays above
the posterior bulk, the evidence would always remain below that belonging to the logarithmic
prior.
2.4 Neutrino masses
In Planck’s baseline cosmology, the neutrinos are assumed to be comprised of two massless
neutrinos and one massive neutrino with mass mν = 0.06 eV with the effective number of
neutrino species set slightly larger than 3 to Neff = 3.046 [33, 39, 40]. Figure 2.7 shows the
dependence of the CMB power spectrum on the neutrino mass mν while adjusting the dark
energy density ΩΛ to keep to a flat geometry. The most visible effect is a shift of the acoustic
peaks, due to the change in the epoch of matter-radiation equality and thus the distance to
the last scattering surface. For heavier neutrinos the peaks are shifted to larger scales. In
addition to the shift in peaks, heavier neutrinos slightly suppress power both on the largest
scales and towards small scales. This becomes even more evident in the large scale structure
of the Universe, which makes probes such as BAOs or CMB lensing complementary for the
determination of neutrino masses (see e.g. [111]). Accordingly the best constraints on the sum
of neutrino masses of about ∑mν < 0.12 eV as mentioned earlier are provided by analyses
combining CMB with CMB lensing and BAOs [33].
Upcoming CMB experiments such as the Simons Observatory, LiteBIRD or CMB-S4 and
large scale structure (LSS) experiments such as Euclid will allow us to fully constrain the sum
of neutrino masses ∑mν . However, even under the most optimistic assumptions, it will not
be possible to disentangle the individual contributions of the three neutrino flavours with
cosmological data alone [79]. To achieve that, we need additional data from solar, atmospheric,
reactor and accelerator experiments as summarised in NuFIT 5.0 (2020) [43, 44] that provide
us with the mass square splittings:




−0.028 × 10−3 eV2 (NH),
2.498+0.028−0.028 × 10−3 eV2 (IH),
(2.26)

















mν = 10−5 eV∑
mν = 0.06 eV∑
mν = 1 eV


















Figure 2.7 Dependence of the unlensed CMB temperature power spectrum on neutrino mass, where
we assumed a single massive neutrino. A mass of 0.06 eV corresponds to the baseline used by the
Planck collaboration [33].
where δm2 is the smaller squared mass splitting between the light and the medium neutrino
mass for the normal neutrino hierarchy (NH) and between the medium and the heavy neutrino
mass for the inverted neutrino hierarchy (IH), and ∆m2 is the larger squared mass splitting
between the light and the heavy neutrino mass in both cases.
With the knowledge of the two squared mass splittings, the remaining uncertainty lies
mostly with the scale of the lightest neutrino. In the following Bayesian analysis we therefore
apply Gaussian priors according to eqs. (2.25) and (2.26) and vary over the lightest neutrino
mass.
2.4.1 Neutrino masses: Posteriors
We have taken nested sampling runs for an extension of the base ΛCDM cosmology with
three individual neutrino masses, where we have used both a uniform prior mlight ∼ U(0, 1)
and logarithmic priors with different lower bounds, log10 mlight ∼ U(−5, 0) and log10 mlight ∼
U(−10, 0), on the lightest neutrino mass. The other two neutrino masses are then derived




light + δm2 (NH),
m2light + ∆m2 − δm2 (IH),
(2.27)
m2heavy = m2light + ∆m2. (2.28)
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Figure 2.8 Stability of the cosmological parameters for the 3-neutrino extension of the base ΛCDM
cosmology for different priors on mlight: uniform in blues, logarithmic with lower bound of −5 in
oranges and logarithmic with lower bound of −10 in reds. The darker set of colors corresponds to the
normal neutrino hierarchy (NH) and the lighter set to the inverted hierarchy (IH). For each parameter
we show the mean and the extent from quantile 0.16 to 0.84, i.e. the inner 68 % limits.
Figure 2.8 gives an overview of the stability of the cosmological base parameters across
the different priors for mlight and compares them to the ΛCDM base model by showing their
mean and 68 % ranges. Compared to fig. 2.1 for the tensor-to-scalar ratio there are some clear
parameter shifts visible in relation to the base ΛCDM model, but all shifts stay well within
the 68 % bounds. Comparing across prior models, the parameters are perfectly stable.
Figure 2.9 shows the one-dimensional marginalised posterior distributions for the three
individual neutrino masses mlight, mmedium, and mheavy, as well as the sum of all three
∑
mν
for both the normal and the inverted hierarchy. We have included shaded histograms to
give a notion of the prior distributions. The vertical black dotted lines indicate roughly the
lower bound for the medium and heavy neutrino mass as determined from the mass squared
splittings under the assumption where the light neutrino mass is zero.
When looking at the lightest neutrino mass in the first row, the picture is very similar to
that for the tensor-to-scalar ratio before, and most of what we have said in section 2.3.1 applies
here, too. One has an almost exponential drop-off from zero when sampling uniformly over
the mass (left column), significantly compressing the prior, which turns into a more step-like
behaviour with respect to the logarithm of the mass when sampling the mass logarithmically
(right column).
Note that the medium and heavy mass from rows 2 and 3 as well as the sum of all masses
in the bottom row are derived quantities and therefore do not show the same prior behaviour
visible for the light neutrino mass. This is not so apparent for the derived masses, when
sampling uniformly over the light neutrino mass, although one can see a slight step for the
heavy mass in the NH case and for both medium and heavy mass in the IH case. However,
when sampling logarithmically over the light neutrino mass, then the picture is much clearer.
The probability density for medium and heavy neutrino mass bulks up around their rough
lower minimum set by the smaller and larger mass square splitting respectively.
There are two perspectives that one can adopt here. On one hand, one could criticise
the choice of a logarithmic prior for being ultimately too prior (or theory) driven and not
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Figure 2.9 One-dimensional posterior distributions of neutrino masses with normal hierarchy (NH) in
the top panel and with inverted hierarchy (IH) in the bottom panel for TT,TE,EE+lowE data from
Planck 2018 and neutrino oscillation data on the mass squared splittings from NuFIT 5.0 (2020). The
vertical black dotted lines give the rough lower limit on medium and heavy mass that is set by the
mass squared splittings δm2 and ∆m2. For the inverted hierarchy these dotted lines appear almost
on top of each other. The rows show the posteriors for the light, medium, and heavy neutrino mass
and sum of all neutrino masses, respectively. The columns contrast the difference between using a
uniform (blue, left) or logarithmic (orange and red, right) prior on the light neutrino mass mlight. The
shaded histograms give a notion of that prior distribution.
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Table 2.3 Mean and standard deviation of the log-evidence ln Z, Kullback–Leibler diver-
gence DKL and Bayesian model dimensionality d of the base ΛCDM cosmology and its
3-neutrino extension from Planck 2018 TT,TE,EE+lowE data [62]. The second block of
rows shows the results from the normal neutrino hierarchy and the third block for the
inverted hierarchy. The ∆ indicate normalisation with respect to the base ΛCDM model.
Model ∆ ln Z ∆DKL ∆d




ΛCDM+ mlight ∼ U( 0, 1) −2.40 ± 0.25 1.47 ± 0.25 3.31 ± 0.60
ΛCDM+ log10 mlight ∼ U(−5, 0) −0.13 ± 0.24 0.27 ± 0.24 0.12 ± 0.50





ΛCDM+ mlight ∼ U( 0, 1) −2.90 ± 0.25 1.88 ± 0.24 2.29 ± 0.57
ΛCDM+ log10 mlight ∼ U(−5, 0) −0.39 ± 0.24 0.06 ± 0.24 0.22 ± 0.49
ΛCDM+ log10 mlight ∼ U(−10, 0) −0.44 ± 0.24 0.05 ± 0.24 1.01 ± 0.51
reflective of the data. On the other hand, one could say that this is the natural result of our
state of knowledge of the mass square splittings and our true ignorance about the scale of the
lightest neutrino mass.
We wonder whether this very last statement could be contested, e.g. could we say that we
would expect the lightest neutrino mass to be of a magnitude similar to that of the medium
neutrino mass in the NH? However, this is not the case, when checking for precedence by
looking at the other set of leptons, the electron, muon and tauon, where we have roughly
around 2 orders of magnitude between their masses [112].
Comparing the two hierarchies with one another, we can see that the major difference lies
in the medium neutrino mass (and therefore also the sum of all neutrino masses), which is
restricted to larger masses in the inverted hierarchy compared to the normal hierarchy, as
expected from the mass square splitting (black dotted lines).
2.4.2 Neutrino masses: Evidence and Kullback–Leibler divergence
In fig. 2.10 we show the results from our nested sampling runs for the log-evidence ln Z,
KL-divergence DKL, Bayesian model dimensionality d and posterior average of the log-likeli-
hood ⟨ln L⟩. We again normalise with respect to the base ΛCDM model. Table 2.3 lists the
summary statistics for these quantities. As already the case for the posterior, the picture here
is again similar to the one for the tensor-to-scalar ratio in section 2.3.2.
Looking at the distributions for the log-evidence (topmost diagonal panel) shows that
the addition of the neutrino parameters with uniform sampling over the light neutrino mass
(either hierarchy) is disfavoured with over 2 log-units compared to the base ΛCDM model with
a single massive neutrino of fixed mass (and 2 massless). Since the mass square splittings enter
on the prior level in our analysis and remain essentially unconstrained by the cosmological
data, any change to the evidence is almost entirely driven by the light neutrino mass parameter.
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Figure 2.10 Effect of uniform vs logarithmic priors on the light neutrino mass mlight for Bayesian model
comparison: log-evidence ∆ ln Z, Kullback–Leibler divergence DKL, Bayesian model dimensionality d,
and posterior average of the log-likelihood ⟨ln L⟩P = ln Z + DKL. The probability distributions
represent errors arising from the nested sampling process. In the limit of infinite life points these
distributions would become point statistics, in contrast to posterior distributions. We normalise with
respect to the ΛCDM model with two massless and only one massive neutrino with mν = 0.06 eV.
Note, how switching from uniform to logarithmic sampling of mlight moves the contours along their
ln Z, DKL degeneracy line, i.e. relative entropy is traded in for evidence. Note further by comparison
of the orange and red lines, how changing the lower bound of the logarithmic sampling interval (by
5 log-units!) barely affects the contours (bar some expected statistical fluctuation).
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Hence, it is not surprising that upon switching to a logarithmic prior on mlight the log-evidence
increases again while the KL-divergence drops close to the level of the ΛCDM model. We
need to keep in mind that since this is an extension to the ΛCDM model, it has in principle a
better chance of fitting the data, such that any difference in the Bayesian evidence can be
attributed to an Occam penalty, which the shift between uniform and logarithmic sampling
confirms.
As expected from our investigations for the tensor-to-scalar ratio and especially with
regards to our mock example from section 2.3.3, changing the lower bound for the logarithmic
prior does not affect the Bayesian evidence. We have again performed runs with two different
lower bounds of log mlight = −5 and log mlight = −10, i.e. five orders of magnitude apart. With
both of these bounds well into the area of the posterior (see top right panel of fig. 2.9) where
it has levelled off, we do not expect much change to the evidence value, which is confirmed in
table 2.3 and fig. 2.10 for both hierarchies.
Looking at the normalised posterior average of the log-likelihood ⟨ln L⟩P = ln Z + DKL we
again confirm
∆ ln Zuni + ∆DKL,uni ≈ −1, (2.29)
∆ ln Zlog + ∆DKL,log ≈ 0, (2.30)
matching our mock results from eqs. (2.23) and (2.24), independent from the mock parameter µ.
2.4.3 Neutrino hierarchy
A Bayesian model comparison of the normal vs the inverted neutrino hierarchy is beyond
the scope of this paper and has been done before with more stringent data [80, 113, 114].
However, with posteriors and evidences at hand, we shall briefly discuss the situation here.
There have been claims to a strong preference of the normal over the inverted neutrino
hierarchy [73], however, such strong evidence can typically be traced back to prior volume
effects [74], i.e. the effect of a reduced sampling space for the inverted hierarchy. In other
words, we need to watch out and properly distinguish to what extent any Bayesian preference
is assigned already on the prior level and to what extent is that preference indeed driven by
the data.
In our analysis both hierarchies start out on an equal footing. With the same prior on
the light neutrino mass and equivalent Gaussian priors on the mass squared splittings from
neutrino oscillation experiments, the prior volume for both hierarchies is essentially the same.
Note that although the means for the larger mass squared splitting ∆m2 are slightly different
in the two hierarchies, its standard deviations are essentially the same.
With an evidence difference of only about half a log-unit (and thereby not much bigger
than the error on the evidence estimates) any preference of the normal hierarchy is meagre
at best in case of uniform sampling of mlight, and even less when switching to logarithmic
sampling, as visible in fig. 2.10. It should be noted, though, that we have used only CMB
temperature and polarisation data here. Adding data from CMB lensing or baryon acoustic
2.5 Discussion 45
oscillations would have further shrunk the constraints on the sum of neutrino masses and
thereby possibly strengthened the case for the normal hierarchy.
2.5 Discussion
We demonstrate how switching between a uniform and a logarithmic prior on some single-
bounded model parameter results in a trade-off between Bayesian evidence and Kullback–
Leibler divergence (or relative entropy). The common scenario is that of insufficient data
sensitivity, leading to a one-sided bound on a parameter. For a location parameter this
typically causes an exponential drop-off, which translates to a step-like behaviour when turned
into the corresponding scale parameter. We show that the ambiguity of the lower bound of
the scale parameter does not affect a Bayesian model comparison, provided the lower bound
is chosen sufficiently far into the likelihood plateau.
We demonstrate this behaviour for two cases of parameter extensions to the ΛCDM model
of cosmology, namely for the tensor-to-scalar ratio of primordial perturbations and for the
case of three non-degenerate neutrino masses. In both cases we confirm that switching from a
uniform prior to a logarithmic prior will get rid of (most of) the Occam penalty associated
with that parameter, since unconstrained parameters do not affect the Bayesian evidence.
Thus the Bayesian evidence is roughly on par with the un-extended (base) model, with the
only difference in the form of an uninformative parameter. Furthermore and for the same
reason, the exact choice of the lower bound for the logarithmic prior does not change the
Bayesian evidence. When the likelihood levels off, e.g. due to insufficient sensitivity in the
data, then so does the Bayesian evidence.
We should note at this point that we discovered that, different from checks with a
Markov Chain Monte Carlo (MCMC) sampler, the nested sampler (needed for determining
the Bayesian evidence) did not apply a multivariate Gaussian prior on the two nuisance
parameters associated with the Sunyaev–Zeldovich effect. This seems to slightly affect the
posteriors on the lightest neutrino mass, but tests already indicate that the qualitative results
of the model comparison stay the same. Following correction of the nested sampler, new runs
will be carried out and results from these will go into a paper which is being prepared on the




A case for kinetically dominated initial
condition for inflation
This chapter was published in Hergt et al. (2019) [I & chapter 3] and makes a case for
setting initial conditions for inflation at the Planck epoch in the kinetically dominated regime.
For inflationary potentials with a plateau or a hill, i.e. potentials that are bounded from
above within a certain region of interest, we cannot claim complete ignorance of the energy
distribution between kinetic and potential energy, and equipartition of energy at the Planck
epoch becomes questionable. We analyse different classes of potentials in phase-space and
quantify the fraction of the Planck surface that is kinetically dominated. Considering bounded
potentials with very small amplitudes as favoured by current data and restricting ourselves
to the domains of phase-space that are of interest to cosmic inflation, we find that initial
conditions of the inflaton field should be set in the kinetically dominated regime regardless of
any choice of prior.
3.1 Introduction
Handley et al. (2014) [115] show under broad assumptions that classical inflationary universes
generically emerge in a regime where the kinetic energy of the inflaton dominates over the
potential. In contrast, the traditional procedure for setting initial conditions for inflation
defines them at the Planck epoch with a total energy density of the order of ρ ∼ m4p [116–119]
and, lacking any further prior constraints, partitions inflaton energy equally between kinetic
and potential energy [117–121].
In this article we show how the choice of certain potentials gives additional prior constraints.
We make a case for why initial conditions at the Planck time should be set using kinetic
dominance as opposed to assuming that the potential holds half the energy.
In another work we explore the effects of kinetic dominance initial conditions on cos-
mological parameters [II & chapter 4]. When exploring observational consequences, the
traditional approach is to assume the inflaton to be in the slow-roll regime, where the potential
dominates the inflaton energy, as this is an attractor solution to the inflaton’s equation of
motion. However, this assumption is only reasonable for large amounts of inflation, where all
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observable modes have already been well within the comoving Hubble horizon at the start
of inflation. Indeed there are several cases that predict fewer e-folds of inflation, e.g. for
certain inflation models [122], for closed universes [123], or through scenarios such as “finite
inflation” [124, 125] or “just enough inflation” [126, 127]. In all these cases, kinetic dominance
initial conditions will cause oscillations and a large scale cutoff in the primordial power spectra
of scalar and tensor perturbations that translate through to the level of the angular power
spectrum of the cosmic microwave background (CMB) [II & chapter 4, 121, 126–132], which
could explain the observed lack of power on large scales in the case of the standard Λ cold
dark matter (ΛCDM) model of cosmology [35, 133, 134].
3.2 The Planck surface in phase space
Energies beyond the Planck scale require a quantum theory of gravity. Only when ρ ≲ m4p
may we set initial conditions for any classical evolution [116–119]. For the inflaton field ϕ in




2 + V (ϕ) = m4p. (3.1)
In the parametrisation x ≡ sgn(ϕ)
√
V (ϕ) and y ≡ ϕ̇/
√
2 this indeed is a circle with radius
r = m2p. However, in the (ϕ, ϕ̇) phase-space the Planck surface is not, in general, circular.
Depending on the potential V (ϕ), the shape of the surface in the (ϕ, ϕ̇) phase-space changes,
leading to features such as local maxima or asymptotes in ϕ̇. In the (x, y) parametrisation
this manifests as part of the circle becoming effectively excluded.
We define the inflating region via ä > 0, or equivalently,
ϕ̇2 < V (ϕ). (3.2)
Similarly, we conservatively define the kinetically dominated (KD) region by the condition
that kinetic energy dominates the potential by 2 orders of magnitude:
ϕ̇2 > 100 V (ϕ). (3.3)
Figure 3.1 shows the Planck circle in the (x, y) parametrisation as a black dotted line. The
inflating and KD regions are sectors centred along the x- and y-axis respectively. This picture
holds irrespective of the choice of potential. However, the choice of potential can effectively
exclude parts of this circle: e.g. for the plateau and hilltop potentials defined in eqs. (3.5)
and (3.6) below, this is illustrated by the grey shaded regions covering smaller values of x
as the amplitude parameter Λ decreases. Note how for very small Λ2 the relevant part of
the circle is reduced to within the KD region [135]. In fig. 3.2, discussed more fully below,
we see that the picture changes significantly upon changing to (ϕ, ϕ̇) phase-space and for
















|x| < Λ2 = 0.9 m2p
|x| < Λ2 = 0.5 m2p
|x| < Λ2 = 0.1 m2p
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Figure 3.1 The Planck circle in the (x, y) parametrisation is depicted by the black dotted line. The
stripy and checked hatched regions correspond to the inflating region and the kinetically dominated
region, respectively, [see eqs. (3.2) and (3.3)]. The grey shading highlights the effective x-range relevant
for three given values of Λ2 for potentials such as plateau or hilltop potentials [e.g. the Starobinsky
and Landau-Ginzburg potentials defined in eqs. (3.5) and (3.6), respectively].
alternative potentials. In the following section we review our three representative potential
classes: quadratic, plateau, and hilltop.
3.3 Inflaton potentials
3.3.1 Quadratic potential
The simplest potential typically used for single field inflation models is given by
V (ϕ) = m2ϕ2, (3.4)
where m is the mass of the inflaton field. This quadratic potential is often defined with a
multiplicative factor 12 , which is irrelevant for this analysis and omitted here for reasons of
compatibility with other power law potentials. In general, m ∼ 10−6 mp in order to produce
an appropriate primordial power spectrum amplitude [35]. Though quadratic potentials are
disfavoured by current data because of their excess production of gravitational waves [131],
we include them for comparison with other models and traditional theoretical discussion.
The quadratic potential plays a special role in the phase-space representation because
(x, y) is equivalent to (ϕ, ϕ̇) phase-space up to a factor of m. Because of this close relationship
for quadratic potentials, the distinction between the two spaces is often overlooked. In the
following sections we discuss the effects of considering alternative potentials.
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3.3.2 Plateau potentials
Some high-energy models give rise to plateau-like potentials [136–138]. A popular example is
the Starobinsky potential [136]:







where the scale Λ2 ∼ 10−6 m2p is comparable to the inflaton mass m of the quadratic potential.
Unlike the quadratic potential, due to concavity the plateau potential produces very few
gravitational waves making it preferred by Planck data [131].
For small amplitudes, Λ < mp, the asymptote in the potential for ϕ → ∞ translates
through to (ϕ, ϕ̇) phase-space, where ϕ̇ converges to
√
2(m4p − Λ4) from its global maximum
at
√
2 m2p. In (x, y) space this asymptote manifests as a cut from the Planck circle as an
unattainable region. No value of ϕ > 0 can reach the region x =
√
V ≥ Λ2. Note that on the
exponentially growing side ϕ < 0, the potential and thus x increase beyond the Planck scale
irrespective of the amplitude Λ. However, for cosmic inflation only the plateau side of the
potential is of interest to us.
3.3.3 Hilltop potentials
The double-well (Landau-Ginzburg) potential is given by




This potential has been frequently studied in the context of cosmic inflation and spontaneous
symmetry breaking [139–146]. It is a particular realisation of the family of quadratic hilltop
potentials [147] that ensures positivity (required here for the calculation of the Planck surface).
As for plateau potentials, the concavity in the hilltop region ensures low production of
primordial gravitational waves [131].
The inflaton rolls away from a local maximum at ϕ = 0 to a minimum at ϕ = ±µ. We
can identify the region of interest −µ < ϕ < µ where the potential is bounded from above
(|x| =
√
V ≤ Λ2), which effectively cuts the Planck circle as shown in fig. 3.1.
3.4 Inflaton Phase-Space
In fig. 3.2 we plot the quadratic, plateau, and hilltop models side by side. The top row shows
the potentials from eqs. (3.4) to (3.6). The other panels are (ϕ, ϕ̇) phase-space plots for
decreasing values of the inflaton mass m, or amplitude Λ from top to bottom.
For the quadratic potential, the shape of the Planck surface is ellipsoidal and thus closed.
For the plateau potential this ellipse is drawn out to ϕ → ∞ because of the asymptote in the
potential V (ϕ → ∞) = Λ4. Only for Λ > mp does the Planck surface become closed. The
double-well potential consists of two such deformed ellipsoids which are connected for Λ ≤ mp.
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Figure 3.2 The top row shows V (ϕ) for the quadratic potential from eq. (3.4) in blue (left), for the
plateau potential from eq. (3.5) in orange (middle), and for the hilltop potential from eq. (3.6) in green
(right). The lines in each potential plot grow darker with decreasing m or Λ2. The grey shaded regions
correspond to those in fig. 3.1 delimiting the maximum value of the plateau or hill region for selected
values of Λ2. The other panels depict (ϕ, ϕ̇) phase-space diagrams for the corresponding potentials
with values for m and Λ2 decreasing from the second row downwards. The enveloping dotted line
denotes the Planck surface. Light shading corresponds to the inflating regions where ϕ̇2 < V (ϕ). Dark
shading corresponds to the kinetically dominated regions where ϕ̇2 > 100 V (ϕ). Note that realistic
values for m and Λ2, i.e. conforming with data for the primordial amplitude As from e.g. the Planck
satellite [35], are orders of magnitude smaller (i.e. continuing the rows further down) than the values
picked here for reasons of visualisation.
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Of particular interest is the kinetically dominated (KD) regime that only covers a tiny
part at the poles of the Planck surface when m or Λ are large. When decreasing m in the
quadratic model, the KD regime expands in proportion to the Planck surface. For the plateau
model, the KD region can continue to stretch while the Planck surface already extends to
infinity. Analogously, in the hilltop case the Planck surface already spans from −µ to µ and
KD eventually spreads to cover the whole range for very small Λ.
3.5 Priors on initial conditions
When setting initial conditions at the Planck scale, the traditional approach is to assume
equipartition between kinetic and potential energy [117–121]. It then is concluded that an
initial value for the inflaton ϕ0 may take any value respecting the condition that V (ϕ0) ≲ m4p.
With only this constraint, for very small inflaton masses m ∼ 10−5 mp this means that ϕ0
is allowed to take a huge range of values spanning many orders of magnitude. Faced with
complete ignorance regarding the scale of ϕ0 it is arguably more reasonable to choose a
logarithmic prior for the initial value of the inflaton field.
In fig. 3.3 the trajectories of the inflaton field in (ϕ, ϕ̇) phase-space are plotted using
different priors for the generation of initial conditions on the Planck surface. Figure 3.4 shows
the fraction of trajectories starting in the kinetically dominated (KD) region for each prior
respectively. We compare uniform and logarithmic priors in ϕ, a uniform prior on the energy
distribution between potential and kinetic energy, and a prior uniform on arc-length on the
Planck surface. In general, we can see that equipartition of energy pushes the trajectories
outside the KD window whereas a scale-invariant logarithmic prior has the opposite effect.
For the quadratic potential, prior choice plays a significant role. The KD fractions for
priors in ϕ or energy are independent of the inflaton mass m. Only for the uniform prior on
arc-length do we find a decrease of the KD fraction at large mass, when the Planck surface
spans a very small ϕ-range. For energy equipartition we get a KD fraction of only 2 % and
for a uniform prior on ϕ about 14 %. A logarithmic prior on ϕ raises the fraction to about
79 %, where we start at ϕstart = 10−4 m2p/m, which is roughly the scale from which a sufficient
amount of e-folds of inflation is produced for realistic values of m.
Unlike the quadratic potential, the KD fraction for the plateau and hilltop potentials
does depend on Λ2. This is related to the changing shape of the Planck surface illustrated
in fig. 3.2 above. For Λ > mp the Planck surface is bounded and the KD fractions display a
similar behaviour to the quadratic model. The fraction drops towards smaller values of Λ,
as the Planck surface stretches across a greater ϕ-range, whereas the KD regime does not.
Crossing Λ = mp reverses this behaviour in the hilltop case. As the Planck surface spans
across ϕ = 0, while the KD regime continues to spread out, the KD fraction starts to rise.
Finally for Λ2 < m2p/
√
51, the KD fraction levels off. For the Starobinsky model, where the
Planck surface stretches to infinity, the fraction stays at zero at intermediate amplitudes, and
jumps to unity once the KD regime also spreads to infinity.
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Figure 3.3 (ϕ, ϕ̇) phase-space diagrams with inflaton trajectories for the quadratic potential in blue
(left), the plateau potential in orange (middle), and the hilltop potential in green (right). Light shading
correspond to the inflating regions where ϕ̇2 < V (ϕ). Dark shading corresponds to the kinetically
dominated regions where ϕ̇2 > 100 V (ϕ). The enveloping dotted line denotes the Planck surface. In
the top row initial conditions were set with a uniform prior on ϕ, with a logarithmic prior on ϕ in the












































Figure 3.4 Fraction fKD of the kinetically dominated region to the full Planck region in (ϕ, ϕ̇) phase-
space corresponding to the prior choices from fig. 3.3. The second row shows how these fractions change
when we only consider the ϕ-range effectively necessary for the type of inflation we are interested in,
i.e. ϕ > 0 for the plateau potential and |ϕ| < µ in the hilltop case.
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For both the plateau and hilltop potentials we note how a uniform prior on the energy
distribution causes only a small number of trajectories to start in the regions of interest: ϕ > 0
and −µ < ϕ < µ, respectively. Once we restrict ourselves to the ϕ-ranges of importance, all
trajectories start in the KD region irrespective of the prior choice. This change from the
full ϕ-range to a restricted ϕ-range is illustrated by going from the first to the second row of
panels in fig. 3.4. Thus, for potentials with an upper bound in the region of interest (i.e. most
concave models) initial conditions for inflation should naturally be set in the KD regime.
3.6 Conclusion
We have shown how phase-space considerations can be significantly more complicated in
comparison with the simplistic Planck circle picture when considering models other than
quadratic inflation. This is particularly relevant for potentials with features such as plateaus
or hills, i.e. concave and bounded from above in the region of interest for slow-roll inflation.
For such models we find that the regime of kinetic dominance covers the entire Planck
surface in the regions of interest and for realistically small values of the potential amplitude.
Thus, all trajectories in the phase-space of the inflaton field start out kinetically dominated,
independent of the prior choice for the initial conditions. Therefore, for these cases initial
conditions for inflation at the Planck epoch should be set in the kinetically dominated regime
and not assuming energy equipartition.
Chapter 4
Constraining the kinetically dominated
Universe
In this chapter, which was published in Hergt et al. (2019) [II & chapter 4], we present
cosmological constraints from Planck 2015 data for a universe that is kinetically dominated at
very early times. We perform a Markov chain Monte Carlo analysis to estimate parameters
and use nested sampling to determine the evidence for a model comparison of the single-field
quadratic and Starobinsky inflationary models with the standard ΛCDM cosmology. In
particular we investigate how different amounts of inflation before and after horizon exit
affect the primordial power spectrum and subsequently the power spectrum of the cosmic
microwave background. We find that the model using kinetically dominated initial conditions
for inflation performs similarly well in terms of Bayesian evidence as a model directly starting
out in the slow-roll phase, despite having an additional parameter. The data show a slight
preference for a cutoff at large scales in the primordial and temperature power spectra.
4.1 Introduction
Inflation was first introduced in the 70s and 80s (see [55–57] for some of the original papers
and section 2 of [148] for a more extensive introduction) and plays an important role in today’s
standard model of cosmology (ΛCDM). Besides solving issues such as the horizon and flatness
problems, it provides a mechanism for generating primordial perturbations that can serve as
seeds for the formation of cosmic structure, which in turn generate the observed temperature
anisotropies in the cosmic microwave background (CMB) [149].
Typically, a slow-roll (SR) inflation model is assumed, whereby the kinetic energy of a
single scalar field ϕ is dominated by its potential V (ϕ) and hence the inflaton “slowly rolls
down” the potential. Generically, the slow-roll condition is an attractor solution so even from
a position in phase space where slow-roll is not satisfied, the inflaton will rapidly lose speed
and approach a slow-roll regime [I & chapter 3, 115–117, 120, 121, 129, 150].
High-precision measurements of the CMB, first through WMAP [151] then through
Planck [21, 22], have significantly contributed to the success of the standard ΛCDM model of
cosmology. Nonetheless, the data also revealed features in the CMB angular power spectrum
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hinting at potential additional physics [133, 134, 152, 153]. These features include the low-
multipole lack of power and a small dip at multipoles of approximately 20–25. These features
may be caused by corresponding features in the primordial power spectrum (PPS), which
recently has led to many investigations of PPS with a cutoff [121, 126–132]. One might be
inclined to brush off any significance of the low-multipole lack of power as an effect to be
attributed to cosmic variance. However, it has been shown to be driving parameter extensions
(e.g. spatial curvature, see [33]) despite the large error bars owing to cosmic variance at these
small multipoles.
Previous findings [123] have suggested that the Universe should have emerged from an
initial singularity with the energy density dominated by the kinetic term ϕ̇ of the inflaton
field. It can indeed be shown that such a kinetically dominated (KD) early universe emerges
generically under rather broad assumptions [115]. This is particularly relevant for inflationary
potentials that have an upper limit in the inflaton range of interest, such as plateau or hilltop
potentials [I & chapter 3].
If the total amount of inflation is limited, the effects of KD become observable. Indeed there
are several cases that predict fewer e-folds of inflation, e.g. for certain inflation models [122],
for closed universes [123], or through scenarios such as “finite inflation” [124, 125] or “just
enough inflation” [126, 127]. Another way of motivating KD is through the “just enough
inflation” scenario [126, 127].
We review how KD initial conditions result in oscillations and a cutoff towards large scales
in the PPS and consequently also in the CMB angular power spectrum. We show how these
features depend mainly on the amount of inflation happening before or after horizon exit
of a given mode k. We confirm previous constraints from [130] for cosmological parameters
given KD initial conditions using a different Markov chain Monte Carlo (MCMC) sampler
and expand on the analysis by comparing the Bayesian evidences for the different models.
We start out by summarising the inflationary background evolution in section 4.2, and by
introducing two inflationary potentials, the quadratic and the Starobinsky potential, which we
will use throughout this paper. In section 4.2.2 we review the kinetic dominance regime that
provides us with the initial conditions for the numerical integration of the inflaton equations of
motion and the mode equations for the primordial perturbations, which lead us to the analyses
of the PPS in section 4.3 and the CMB angular power spectrum in section 4.4. Finally, in
section 4.5 we present the results from our MCMC analysis and conclude in section 4.6.
4.2 Background Evolution during Kinetic Dominance
We focus on single-field inflationary models as determined by an inflaton field ϕ(t) in a spatially
flat universe. Assuming the inflaton dominates all other species early in the history of the
Universe, the background dynamics are governed by the Friedmann and continuity equations
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ϕ̇2, (4.1b)
ϕ̈ + 3Hϕ̇ + V ′(ϕ) = 0, (4.1c)
where a dot denotes differentiation with respect to cosmic time, ḟ ≡ dfdt . For convenience we




Inflation is defined as a positive acceleration of the scale factor ä > 0, or equivalently as a





< 0. Using eqs. (4.1a) to (4.1c) we can recast
this condition for inflation in terms of the inflaton field ϕ
ϕ̇2 < V (ϕ), (4.2)
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The amount of inflation from some time t to the end of inflation tend can be measured in







where aend = a(tend).
4.2.1 Potentials
To perform numerical integrations of the background dynamics in eqs. (4.1a) to (4.1c) we have
focused on two specific potentials in particular: the quadratic potential and the Starobinsky
potential shown in fig. 4.1.
Quadratic potential
The quadratic potential is defined by
V (ϕ) = m2ϕ2, (4.5)
where m is the mass of the inflaton field. This quadratic potential is often defined with
a multiplicative factor 12 , omitted here for reasons of compatibility with other power law
potentials. Though disfavoured by the Planck data, we are considering the quadratic potential
here as the conceptually simplest implementation of a single scalar inflaton field. Using the
slow-roll (SR) approximation ϕ̇2 ≪ V (ϕ) we can predict the spectral index and the tensor to
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Figure 4.1 Quadratic (blue) and Starobinsky (orange) potentials as functions of the inflaton field ϕ,
where m = 5 × 10−6 mp for the quadratic potential and Λ2 = 10−5 m2p for the Starobinsky potential.
The shaded regions mark the start and end of inflation in the case of kinetic dominance initial
conditions.
scalar ratio to be
ns ≈ 1 −
2
N∗
, r ≈ 8
N∗
, (4.6)
where N∗ is the observable amount of inflation from horizon exit of a given pivot scale k∗ to
the end of inflation. Thus for N∗ = 55 e-folds we expect ns ≈ 0.964 and r ≈ 0.145.
Starobinsky potential
The Starobinsky potential is the potential representation in the Einstein frame of an (R + R2)
modified theory of gravity first proposed by [136] and is given by
V (ϕ) = Λ4
1 − exp(−√23 ϕmp
)2 . (4.7)
Unlike quadratic inflation, the Starobinsky model gives rise to a low tensor-to-scalar ratio r,
as is preferred by current data [131]. In the same manner as quadratic inflation, we can
determine the spectral index and the tensor to scalar ratio using the slow-roll approximation
ns ≈ 1 −
2
N∗
, r ≈ 12
N2∗
. (4.8)
Thus for N∗ = 55 e-folds we expect ns ≈ 0.964 and r ≈ 0.004.
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4.2.2 Kinetic Dominance initial conditions
The initial conditions for the integration of the background eqs. (4.1a) to (4.1c) are usually
chosen according to the slow-roll (SR) regime, satisfying
ϕ̇2 ≪ V (ϕ). (4.9)
However, we do not need to place ourselves (somewhat artificially) directly into the period
of SR inflation. As observed previously [116, 117], the expansion of the Universe acts as a
damping term in the equation of motion (4.1c). This means the SR condition is an attractor
solution, such that no matter where we start out in the (ϕ, ϕ̇) phase-space we will end up on the
SR attractor (provided one assumes an appropriate inflationary potential). Indeed, Handley
et al. [115] show under broad assumptions that classical inflationary universes generically
emerge from an initial singularity (a → 0) with the kinetic energy of the inflaton dominating
its potential energy [115], which we will refer to as kinetic dominance (KD)
ϕ̇2 ≫ V (ϕ). (4.10)
In a recently submitted paper [I & chapter 3], we make a case for kinetically dominated initial
conditions for inflation through a (ϕ, ϕ̇) phase-space exploration. This is particularly relevant
in cases where the potential is bounded from above, e.g. hilltop or plateau potentials.
In case of limited amounts of inflation, such as suggested for certain inflation models [122],
for closed universes [123], or through scenarios such as “finite inflation” [124, 125] or “just
enough inflation” [126, 127, 154], effects of KD would be expected to be observable.
In the KD limit we can use the first terms of a series expansion of the background variables
to generate a set of initial conditions for a sufficiently early starting time t0 of the numerical
integration
























where ap and tp can be set to unity as the exact value does not matter here due to rescaling
symmetries [115]. ϕp controls the total number of e-folds of inflation Ntot = N(astart), i.e.
from the start of inflation astart = a(tstart) to its end.
Figure 4.2 shows the evolution of the background variables ϕ, ln a, wϕ, and H respectively,
integrated using both SR and KD initial conditions and using the chaotic potential from
eq. (4.5). For this figure, the initial conditions were set at the cosmic time t0 = 1 and
chosen such that Ntot = 60 e-folds are produced during inflation. For comparison, the end
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of inflation in the SR case was shifted such that it matches the KD case. The inflaton
mass of m = 5 × 10−6 mp was chosen to produce an amplitude As of the primordial power
spectrum close to the observational value. In all cases we see how the evolution begins
differently depending on whether SR or KD initial conditions were chosen, but eventually the
KD solution converges towards the SR solution. We can estimate the time of transition by
equating the SR approximation of the Friedmann eq. (4.1a) with the approximation of the
Hubble parameter during KD from eq. (4.11c), which ends up with an expression dependent
on the inflaton mass mϕ (or equivalently the potential amplitude) and the initial field value:
ti ≈ 2 mp/(mϕϕi) ∼ 10−4 tp, where the subscript “i” indicates the moment of inflation start.
To distinguish between the different regimes it is useful to look at the equation-of-state
parameter wϕ for the inflaton field and comparing with eq. (4.3)
wϕ

≈ 1 kinetic dominance, ϕ̇2 ≫ V (ϕ),
> −13 no inflation,
< −13 (fast-roll) inflation,
≈ −1 slow-roll inflation, ϕ̇2 ≪ V (ϕ).
(4.12)
The equation-of-state parameter wϕ illustrates how in the SR case we directly start out in the
inflationary epoch, whereas for the KD case we can specify a start and end point of inflation
where wϕ crosses the −1/3 mark. For reasons of clarity, the evolution of wϕ was cut off at the
end of inflation, after which it starts oscillating rapidly.
It is worth mentioning at this point, how the evolution of a universe with an equation of
state parameter of close to −1 is very similar to the evolution in a universe dominated by a
cosmological constant Λ with an equation of state parameter of exactly −1 (also referred to
as a de Sitter universe and probably our future fate). Physically these two states are very
different, though, the first being governed by a scalar field ϕ and the latter by what can be
interpreted as a vacuum energy density ρΛ.
Figure 4.3 shows the evolution of the comoving Hubble horizon as a function of the
logarithm of the scale factor. As expected it shrinks during inflation. However, during KD
the comoving Hubble horizon initially grows until the onset of inflation where it meets the
SR solution and starts decreasing. Thus, in a universe initially going through a phase of KD
there exists a maximum to the comoving Hubble horizon and consequently there are very
large scales that have never been within the horizon before the start of inflation.
4.3 Primordial Power Spectrum
For the evolution of the primordial perturbations we work directly with the primordial
curvature perturbations R and the tensor perturbations h as functions of cosmic time and for













































Figure 4.2 Evolution of the inflaton field ϕ(t), equation-of-state parameter wϕ(t), scale factor a(t), and
Hubble parameter H(t) respectively for the quadratic potential from eq. (4.5). The inflaton mass was
taken to be m = 5 × 10−6 mp. The light dashed line starts out directly in the slow-roll (SR) regime,
whereas the dark solid line starts out during kinetic dominance (KD) and then later joins the SR
attractor. The initial conditions were set such that Ntot = 60 e-folds of inflation are produced. The
equation-of-state parameter wϕ is useful in determining the start and end of inflation in the KD case
(dotted lines).
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Figure 4.3 The comoving Hubble horizon is plotted here as a function of N . For the dashed line slow-
roll (SR) initial conditions were used and for the solid line kinetic dominance (KD) initial conditions.
Note how the comoving Hubble horizon falls monotonically for the SR solution, whereas it has a local
maximum at the start of inflation for the KD solution, which is not evident in fig. 4.2. Thus, in the
KD case, there are scales k−1 > (aH)−1 that were never within the comoving Hubble horizon.












Rk = 0, (4.13)
ḧk + 3Hḣk +
k2
a2
hk = 0, (4.14)
where the dot again refers to the derivative with respect to cosmic time.
For the numerical integration of the differential equations we loosely follow the scheme
outlined in [153, 155, 156]. We reduce the differential equations into a first-order system
and superimpose two orthogonal solutions. We start out by only evolving the background
eqs. (4.1a) to (4.1c). To reduce computation time it is useful to delay the integration of the
mode eqs. (4.13) and (4.14) until the comoving Hubble horizon has shrunk to a scale of about
100 times the size of a given mode. This therefore requires any given mode to be sufficiently
well within the comoving horizon before horizon crossing which is the case for slow-roll (SR)
initial conditions.
This approach also works for very small modes (large k) for kinetic dominance (KD) initial
conditions. However, during KD the comoving Hubble horizon is still growing and reaches
its maximum at the start of inflation (see fig. 4.3). Thus, for large modes (small k) it is
impossible to start “well within” the comoving Hubble horizon k−1 ≪ (aH)−1. To maximise
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Figure 4.4 Evolution of the primordial curvature perturbations Rk(t) from eq. (4.13) for the given
mode k = 0.01 Mpc−1 for quadratic inflation on the left with an inflaton mass of m = 5 × 10−6 mp
and for Starobinsky inflation with an amplitude of Λ2 = 10−5 mp. The background variables were set
up using slow-roll (SR) initial conditions in the top plots and using kinetic dominance (KD) initial
conditions in the bottom plots such that a total number of Ntot = 60 e-folds were produced. In terms
of the quantities defined in section 4.3.1, they are split into N† = 6 e-folds before and N∗ = 54 e-folds
after horizon exit of the pivot scale k∗ = 0.05 Mpc−1.
the number of modes starting within the comoving Hubble horizon we choose to start the
evolution for those large modes synced up at the onset of inflation.
The initial conditions for the mode equations (note, these are not the same as the initial
conditions for the inflaton, i.e. not SR or KD initial conditions) are set through the definition
of the quantum vacuum. For SR initial conditions for the inflaton field, typically, the Bunch-
Davies vacuum is chosen, which defines the quantum vacuum via Hamiltonian diagonalisation.
For KD initial conditions, on the other hand, the vacuum choice becomes relevant, see e.g. [128,
157, 158]. In this paper we limit ourselves to the Bunch-Davies vacuum, leaving the exploration
of alternative vacua to a later work.
We apply the Bunch-Davies vacuum on a linear combination of two orthogonal solutions.
The real and imaginary parts of the curvature perturbation Rk(t) are plotted in fig. 4.4, using
SR and KD initial conditions for the inflaton. For a good visualisation we use an inflaton
mass of m = 5 × 10−6 mp for the quadratic potential and an amplitude of Λ2 = 10−5 mp for
the Starobinsky potential, and the mode k = 0.01 Mpc−1. Higher k-values would result in
increasingly more oscillations.
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We read off the frozen values of the primordial perturbations after horizon exit and obtain









where the factor 2 in the tensor spectrum comes from the two possible polarization states of
gravitational waves.
In order to compare our results to CMB data, we need to calibrate the perturbation scales.
Calculations of the evolution of the universe from the end of inflation until today constrain
the (observable) number of e-folds remaining during inflation after a given pivot scale k∗
exited the Hubble horizon, to roughly within 50 ≲ N∗ ≲ 60 [5, 159, 160]. In accordance with
Planck [131] we choose k∗ = 0.05 Mpc−1 for our pivot scale. We then calibrate our k-axis by





In fig. 4.5 we have plotted the numerical solutions of the PPS for quadratic and Starobinsky
inflation, each with SR and KD initial conditions for the inflaton. In agreement with eqs. (4.6)
and (4.8) quadratic and Starobinsky inflation show a very similar spectral index ns and a
tensor-to-scalar ratio r differing by about two orders of magnitude. As expected, the choice of
SR or KD initial conditions does not affect small scales, since smaller scales freeze out later in
the inflationary history when the slow-roll approximation is fully applicable for both cases.
For larger scales we see oscillations and a cutoff towards small k.
The existence of the cutoff can be attributed to the preceding kinetically dominated phase
and the brief period of fast-roll inflation [120, 150]. The larger modes spent less time within
the horizon and the largest modes have actually never been inside the horizon (scales greater
than the maximum of the Hubble horizon in fig. 4.3).
With ongoing work we see that the amplitude and frequency of the oscillations as well as
the slope of the cutoff depend on the choice of the quantum vacuum, and consequently on
the initial conditions for the curvature perturbations. The cutoff position, however, is caused
by the breakdown of the SR approximation and, thus, is independent of the vacuum choice.
Since the cutoff position appears to be the driving force for model comparison between SR
and KD, we expect the vacuum choice to only have negligible effects. However, the vacuum
choice could become more relevant should the oscillations manage to sink into the dip in
power at multipoles ℓ of approximately 20–25, but as mentioned earlier we leave the detailed
exploration of alternative vacua such as those proposed in [157, 158] to a later work.
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Figure 4.5 Primordial Power Spectra: The upper four lines correspond to the scalar power spectra,
i.e. from primordial curvature perturbations. The lower four lines correspond to the tensor power
spectra, i.e. from gravitational waves. On small scales the power spectra from slow-roll (SR) and from
kinetic dominance (KD) initial conditions agree well with one another and show the characteristic
power-law behaviour. Towards larger scales the SR power spectra continue along the power-law slope
whereas the KD power spectra start oscillating and eventually show a cutoff. These very large scales
are the ones that were never within the comoving Hubble horizon in an initially kinetically dominated
universe (cf. fig. 4.3). The dotted vertical line marks the pivot scale k∗ = 0.05 Mpc−1, used for the
calculation of spectral index ns and tensor-to-scalar ratio r as well as for the calibration of the k-axis.
The parameters governing ns, r and the cutoff position were set to the best-fit values from the MCMC
analysis in section 4.4. The shaded region gives a rough estimate of the observational window in the
CMB power spectrum.
4.3.1 Number of e-folds
The exact position of the cutoff in the PPS for KD initial conditions depends on the initial
value ϕp in eq. (4.11a). This is also related to the number of e-folds before horizon crossing
which we denote by N† as opposed to the e-folds N∗ after horizon crossing. Together they






= N† + N∗. (4.18)
It is very hard to a-priori constrain the total number of e-folds Ntot. Assuming inflation
started after the Planck epoch, an upper bound on Ntot can be set. For a quadratic potential
with a roughly realistic inflaton mass of m = 5 × 10−6 mp such a bound is of an order of about
max(Ntot) ∼ 1010 e-folds [122].
Assuming the inflaton underwent a kinetically dominated phase before inflation, i.e. where
ϕ̇ ≫ V (ϕ), we expect a significantly smaller number of e-folds, Ntot ≪ 1010 e-folds. Stronger
claims on the total amount of inflation have been made in the context of “finite inflation” [124,
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(a) N∗ ≡ e-folds of inflation after horizon crossing.






















(b) N† ≡ e-folds of inflation before horizon crossing.
Figure 4.6 PPS for scalar (upper) and tensor (lower) perturbations. Plot (a) varies the number of
observable e-folds N∗ while keeping a fixed value of N† = 6 e-folds. As denoted in eqs. (4.6) and (4.8),
N∗ governs the spectral index ns, i.e. the slope of the power spectrum, and the tensor-to-scalar
ratio r. The larger N∗ the larger also ns and thus a smaller slope (closer to scale invariance). The
tensor-to-scalar ratio on the other hand decreases with increasing N∗. Plot (b) varies the number of
e-folds N† before horizon exit for a fixed value of N∗ = 55 e-folds. Both ns and r stay unaffected in
this case. N† instead governs the low-k cutoff position of the PPS pushing it to ever smaller k-values
as N† grows.
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Figure 4.7 Equation-of-state parameter w after inflation as a function of N∗ for a range of given values
of ρreh. We get w here by inverting eq. (4.19) and using the quadratic potential and the best fit values
specified below in table 4.1, and by setting greh = 103.
125] or “just enough inflation” [126, 127, 154], where Ntot ≳ N∗. Also, the expected amount
of inflation can drop significantly depending on the choice of potential. While ⟨Ntot⟩ ∼ 1010
for the quadratic potential, it can turn out to be as low as ⟨Ntot⟩ ∼ 101 or 102 for natural
inflation depending on the symmetry breaking parameter f as shown in [122].
Figure 4.6 shows the effect of N† and N∗ on the primordial power spectrum PR(k) for
the quadratic potential. The behaviour is very similar for the Starobinsky potential with
the major difference being a significantly smaller tensor-to-scalar ratio for the Starobinsky
model as can already be inferred from eqs. (4.6) and (4.8). As those equations suggest, we
find that N∗ governs both the spectral index ns and the tensor-to-scalar ratio r. On the other
hand, N† leaves both these parameters invariant. Instead it shifts the cutoff position along the
k-axis. More total e-folds Ntot, i.e. a longer period of inflation, and thus a larger N† pushes
the cutoff to ever smaller k-values (larger scales). Thus, large scale CMB data will help us to
constrain N† and Ntot.
Note that for SR initial conditions there is no clear start to inflation. One may therefore
consider SR to correspond to the N†, Ntot → ∞ limit of KD.
4.3.2 Equation of state parameter
The observable number of e-folds N∗ can be related to the energy density of reheating ρreh
and the effective equation of state parameter w from the end of inflation to reheating via the
matching equation [159–162]:











− 112 ln greh
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where V∗ and Vend correspond to the inflaton potential at horizon crossing of the pivot scale
and at the end of inflation respectively, and greh is the effective number of degrees of freedom
at reheating. To determine the numerical value in the first term we here have used the CMB
temperature T0 = 2.725 K, the pivot scale k∗ = 0.05 Mpc−1, and today’s effective number
of degrees of freedom g0 = 43/11. Figure 4.7 shows the relationship between w and N∗
for given ρreh. Post-inflationary oscillations of the inflaton in a quadratic potential can be
associated with an equation of state parameter of w = 0 [163]. For the Starobinsky potential
we similarly expect 0 ≲ w < 1/3.
4.4 CMB power spectrum
To translate the primordial power spectra (PPS) from eqs. (4.15) and (4.16) through to the
angular power spectrum of the cosmic microwave background (CMB) we make use of the
Boltzmann solver CAMB [164–166], which we modify such that it takes our PPS. To that end
we first modify our input PPS such that they are normalised at the pivot scale k∗ and the
desired amplitude is then given by the CAMB parameter As




We can do this, because the background eqs. (4.1a) to (4.1c) are invariant under a simultaneous
rescaling of the time coordinate and the inflaton potential
t 7→ σ−1t, V (ϕ) 7→ σ2V (ϕ) ⇒ PR(k) 7→ σ2PR(k), (4.21)
effectively making a substitution of σ2 = 1/m2 or σ2 = 1/Λ4 to get a PPS PR(k, σ) independent
of the potential amplitude. The PPS amplitude can then be linked to any desired mass m0 or
amplitude Λ0 through As = m20PR(k, σ). The same results are obtained using the alternative
Boltzmann solver Class [105–107, 167–169].
Figure 4.8 shows the CMB angular temperature power spectrum for the Planck data [64],
for its ΛCDM best-fit model [35], and for the quadratic inflation model with kinetic domi-
nance (KD) initial conditions. The characteristic features of the KD initial conditions: low-k
cutoff and oscillation, are still apparent although diluted from convolution with the transfer
functions. As for the PPS, the cutoff position depends on the number of e-folds before horizon
exit N†. For a sufficiently small value, the cutoff sinks into the low-ℓ lack of power found in
the Planck data. The oscillations, however, are too heavily smoothed to follow the dip at
multipoles ℓ at approximately 20–25. This is in line with the findings in [130].
4.5 MCMC analysis
We performed a Markov chain Monte Carlo (MCMC) analysis to extract the cosmological
parameters of extended ΛCDM models alongside the kinetic dominance (KD) initial conditions.
To that end we used CAMB’s MCMC extension CosmoMC [102, 103] in conjunction with Planck’s



































KD, N† = 5
KD, N† = 6
KD, N† = 7
SR
Figure 4.8 CMB angular power spectrum DT Tℓ ≡ ℓ(ℓ+1)CT Tℓ /(2π): The upper panel shows the best-fit
lines (obtained from the MCMC analysis in section 4.4) for the ΛCDM model, and the quadratic and
Starobinsky model with kinetic dominance (KD) initial conditions respectively. The lower panel zooms
in on the low-ℓ region and shows how the cutoff and oscillations from the PPS have translated through
to the CMB power spectrum, where the cutoff position still depends on the value of N†. Large values
become indistinguishable to the slow-roll (SR) case as the cutoff moves out of the observable region.
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temperature and low-ℓ polarisation data (TT+lowP) and corresponding likelihood code [64].
Additionally we perform a model comparison using CosmoChord which is a PolyChord [95, 96]
plug-in for CosmoMC. PolyChord is a Bayesian inference tool for the simultaneous calculation
of evidences and sampling of posterior distributions, and allows us to calculate the Bayes’
factor of models. It performs well even on moderately high-dimensional posterior distributions,
and can cope with arbitrary degeneracies and multi-modality. As such it is the successor to
MultiNest [92–94], a variation of Nested Sampling [170].
For our parameter estimation we added N† and N∗ as new parameters in place of ns. We
put a flat prior within the range of 50 < N∗ < 60 in accordance with the expected number of
observable e-folds [5, 131, 160, 171], which roughly covers the range from w = 0 to w = 1/3
even for low values of ρreh. For N† we chose a range from 4 to 15. We choose to cut values
greater than N† = 15 e-folds as the PPS becomes observationally indistinguishable from the
slow-roll (SR) case. We retained the amplitude parameter As to multiply our normalised PPS
by, as already detailed in eq. (4.20). With these three parameters in place, the PPS is fully
parametrised. Both the spectral index ns and the tensor-to-scalar ratio r turn into derived
parameters inferred from the input PPS (cf. fig. 4.6). The remaining standard cosmological
parameters were varied as for the ΛCDM case, namely the baryon density parameter Ωbh2, the
mass density parameter Ωch2, the optical depth τ , and the ratio of the sound horizon to the
angular diameter distance θMC. Figure 4.9 shows a triangle plot (created using GetDist [108])
of all these parameters and tables 4.1 and 4.2 list the means of the marginalised parameters
and their uncertainties.
The models considered are the standard ΛCDM model, rΛCDM which is a one-parameter
extension by the tensor-to-scalar ratio r, and the quadratic and Starobinsky inflation models
each with SR and KD initial conditions.
4.5.1 Posteriors and priors on model parameters
We begin by considering the constraints on the spectral index ns and tensor-to-scalar ratio r,
detailed in the third and forth rows and columns of fig. 4.9, and highlighted in fig. 4.10.
We plot only the rΛCDM model and the quadratic and Starobinsky model with KD initial
conditions in Figures 4.9 and 4.10 as the ΛCDM model and the SR inflation models are
visually very similar to their counterparts for the shared parameters. The major difference
lies in the additional parameters: the tensor-to-scalar ratio r for rΛCDM and N† for the KD
inflation models.
As expected, we find significant differences for the amount of tensor modes, as r is
significantly larger for the quadratic inflation model than for the Starobinsky model, and
larger even than the 68 % upper bound of the rΛCDM model.
Both inflationary models exhibit cut-off effects in their posterior contours. This is due to
the relationship between N∗, ns and r from eqs. (4.6) and (4.8). The flat prior on N∗ leads to
an induced prior on ns and r that is much narrower than the traditional ΛCDM or rΛCDM
priors. This constraint is then projected onto the other parameters.
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Table 4.1 Marginalized parameter values at 68 % limits for different models and using CMB temperature
data with low-ℓ polarization (TT+lowP). For the number of e-folds N† before and N∗ after horizon
exit we additionally provide the best-fit values as the data does not clearly delimit these parameters
and they differ considerably from the 68 % limits. The posterior distribution for N† is essentially flat
causing the mean to fall roughly in the middle of the defined prior range. However, there is a peak
at small values causing the different best-fit value (cf. fig. 4.9). N∗ is driven to high values for the
quadratic model due to its correlation with the tensor-to-scalar ratio r, and rather unconstrained for
the Starobinsky model.
Parameters N† N∗ ns r
Prior ranges [4, 15] [50, 60] [0.885, 1.040] [0, 1]
TT+lowP 68 % limits best-fit 68 % limits best-fit 68 % limits 68 % limits
ΛCDM 0.9655 ± 0.0063
rΛCDM 0.9665 ± 0.0062 < 0.0504
Quadratic, SR > 55.4 60.00 0.9641+0.0022−0.00069 0.1425+0.0027−0.0086
Quadratic, KD 9.8+3.4−4.4 6.02 > 55.4 57.48 0.9642+0.0022−0.00067 0.1407+0.0026−0.0085
Starobinsky, SR — 57.98 0.9644+0.0028−0.0013 0.00365+0.00026−0.00055
Starobinsky, KD > 7.92 6.09 — 57.07 0.9649+0.0027−0.0011 0.00356+0.00021−0.00053
Table 4.2 Marginalized parameter values at 68 % limits for different models and using temperature
data with low-ℓ polarization (TT+lowP). Note, how the parameter values stay relatively similar across
different models while the errors go down for models with explicit inflationary models (quadratic and
Starobinsky) which can also be seen in the narrower contours in fig. 4.9. This is attributed to the prior
on N∗ setting an effective, very narrow prior on the spectral index ns and the tensor-to-scalar ratio r.
Comparing slow-roll (SR) and kinetic dominance (KD) models, we find that these parameters do not
distinguish between them at all.




Prior ranges [0.019, 0.025] [0.095, 0.145] [0.01, 0.40] [1.03, 1.05] on 100θMC [2.5, 3.7]
TT+lowP 68 % limits 68 % limits 68 % limits 68 % limits 68 % limits
ΛCDM 0.02223 ± 0.00023 0.1197 ± 0.0022 0.078 ± 0.019 67.3 ± 1.0 3.089 ± 0.037
rΛCDM 0.02224 ± 0.00023 0.1195 ± 0.0022 0.076 ± 0.019 67.42 ± 0.98 3.086 ± 0.036
Quadratic, SR 0.02215 ± 0.00019 0.1203 ± 0.0013 0.067 ± 0.016 67.02 ± 0.57 3.069 ± 0.032
Quadratic, KD 0.02216 ± 0.00019 0.1202 ± 0.0013 0.068 ± 0.016 67.04 ± 0.57 3.071 ± 0.032
Starobinsky, SR 0.02222 ± 0.00019 0.1201 ± 0.0013 0.076 ± 0.016 67.18 ± 0.56 3.088 ± 0.033
Starobinsky, KD 0.02222 ± 0.00019 0.1199 ± 0.0013 0.077 ± 0.017 67.24 ± 0.57 3.089 ± 0.034

































































































Figure 4.9 Triangle plot of the parameters: The number of e-folds N† before and N∗ after horizon exit,
the spectral index ns, the tensor-to-scalar ratio r, the baryon density parameter Ωb, the mass density
parameter Ωc, the optical depth τ , the Hubble parameter H0, and the primordial amplitude of scalar
perturbations As. The contours delimit the 0.68, and 0.95 levels. The shaded regions in the 1D plots
on the diagonal correspond to the flat priors on the input parameters or the derived parameters in the
case of ns, r, H0 and As. Note that the apparent darker shade of grey is really just the overlay of the
priors of all models. The thicker solid lines in the 1D plots are the posterior distributions. Figure 4.10
shows the ns-r-plane separately and enlarged. For the mean and standard deviation of marginalised
parameters see tables 4.1 and 4.2.
























Figure 4.10 Spectral index ns vs tensor-to-scalar ratio r triangle plot (zoomed in from fig. 4.9). The
shaded regions in the 1D plots denote the flat input prior for rΛCDM and the derived priors for the
inflationary models. The thick solid lines are the posteriors.
Given this a-priori predictivity in r and ns, one might object at this point that the prior
range chosen for N∗ is too narrow. However, the broad prior ranges for ns and r in the
rΛCDM model may be viewed as a phenomenological model-averaging over a wide class of
inflationary models. It allows rΛCDM to represent and compare many inflation models in
an ns-r-plot (fig. 4.10). Thus, it is only natural that specific models give narrower priors
on parameters such as the spectral index or the tensor-to-scalar ratio, and it is this which
eventually allows the falsification of different inflationary models.
Consider now the marginalised posteriors involving the number of e-folds before and after
horizon exit (N† and N∗), detailed in the first and second rows and columns of fig. 4.9, and
best-fit values in tables 4.1 and 4.2.
Neither N∗ nor N† are clearly constrained for either model. For quadratic inflation, N∗
is driven to high values in order to decrease the tensor-to-scalar ratio r and thus we get a
lower bound for the 68 % limits. For the Starobinsky model, N∗ is essentially only constrained
through the prior choice which was here taken to be 50 < N∗ < 60. A small amount of
constraining power comes from the correlation with ns. N† on the other hand behaves very
similarly for both inflation models. While very low values are clearly ruled out by the data, the
posterior plateaus for larger values, the exception being a single peak at about N† = 6 roughly
a factor 2 above the plateau. Low values will push the power spectrum cutoff unfavourably far
into the data. The best-fit value manages to position the cutoff such that it aligns with the
low-ℓ lack of power. Once the cutoff is pushed out of the observable region, KD is equivalent
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Figure 4.11 Difference of log evidences ∆ log Z with respect to the ΛCDM model as reference. The
evidence Z follows a log-normal distribution with location parameter given by the plotted value and
scale parameter given by the short black line. The errors are roughly a quarter log unit throughout.
to SR, there is no change to the CMB power spectrum, and all large values of N† become
equally likely.
Finally, from the remaining rows and columns of fig. 4.9, and tables 4.1 and 4.2 one can see
that all of the standard cosmological parameters (Ωbh2, Ωch2, τ , H0, As, ns) for all additional
models are consistent with the values obtained for the standard ΛCDM model.
4.5.2 Evidences
From fig. 4.10 we already judged the Starobinsky model to perform better than the quadratic
model, since the line for the Starobinsky model sits in the middle of the rΛCDM contour,
whereas the line for the quadratic model lies on the outer edge of the 95 % contour. For a
proper model comparison we calculate and compare their respective Bayesian evidences. Using
CosmoChord we calculated the evidences Z ≡ P (D|M) for a given model M using the Planck
data D. Figure 4.11 visualizes the Bayes’ factors, i.e. the difference of log evidences ∆ log Z
where we use the ΛCDM model as a reference model. The prior ranges used in the model
comparison are listed in tables 4.1 and 4.2.
Comparing ΛCDM and rΛCDM shows the effect a single additional parameter can have.
Though rΛCDM has an additional parameter and thus can make a greater variety of predictions,
it also has to spread its predictive probability over a greater volume of parameter space and
thus more thinly. This penalizes rΛCDM considerably. For the comparison here we have
chosen a prior range of r ∈ [0, 1], which reads as an assumption that the tensor modes are
smaller than the scalar modes.
As in the standard ΛCDM model, the SR models vary a total of six parameters. One of
those parameters N∗ replaces the spectral index ns, which becomes a derived parameter (as
does the tensor-to-scalar ratio r). The inflation models with KD initial conditions introduce
one additional input parameter N†, resulting in a total of seven parameters.
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As expected the quadratic model is disfavoured compared to the Starobinsky model with
a difference of about 3 log units, mainly driven by the high tensor-to-scalar ratio r in the
quadratic model. Due to their reduced parameter space, or equivalently their increased
predictivity, they both outperform the very general rΛCDM model. Only the Starobinsky
model with its very low tensor modes manages to do better than the standard ΛCDM model,
which effectively conditions r to be zero. When comparing SR initial conditions to KD initial
conditions the data do not show a clear preference towards one model or the other. Note
again that we are investigating the Bayesian evidence here, i.e. a measure that takes into
account both fit and Occam penalty of a model. Considering that an additional parameter is
used for the KD case, the model manages to make up for the associated Occam penalty factor
with a slightly better fit to the data. Phrased the other way around, the better fit that easily
might be expected when applying a “chi-by-eye” to fig. 4.8 is being penalised for the needed
additional parameter, such that ultimately there is no clear preference for SR or KD.
One could question whether increasing the upper limit for the prior on N† would dilute
the Bayesian evidence for the KD cases. However, one can show that if the posterior density
levels off to a constant value at some point as for N† here, then the evidence will also be
constant when varying the upper limit of a flat prior from that point onward, which we also
confirmed numerically. In other words the Bayesian evidence ratio only penalises models for
constrained parameters (see also chapter 2 and [98]). From figs. 4.6b and 4.8 we can indeed
expect the plateau in the posterior of N† to stretch to infinity in this case. Thus, the Bayesian
evidence will not change for a higher upper limit on N†.
4.5.3 Power spectrum predictive posteriors and Kullback–Leibler
divergences
The major observable differences between the SR and the KD cases are the low-ℓ cutoff
and oscillations in the power spectrum. In the upper half of fig. 4.12 we show the prior
and posterior densities of MCMC samples for both PPS and CMB power spectra for the
Starobinsky model with KD initial conditions. The low-k and low-ℓ cutoff from KD is not
pushed out by the data but stays at the lower end of the observable region. We calculated
the relative entropy or Kullback-Leibler divergence DKL going from the prior distribution to
the posterior distribution (bottom plots in fig. 4.12). While the information gain throughout
most of the spectrum is rather high and roughly constant, it drops off to roughly a fourth of
its value towards the largest observable scales due to cosmic variance.
Figure 4.13 additionally includes the divergence for the quadratic model and for SR initial
conditions. The quadratic model shows a higher information gain than the Starobinsky model,
which is most prominent for the tensor modes of the PPS. This is related to the tensor-to-scalar
ratio being driven to small values. Assuming the quadratic model was the correct model, one
knows that N∗ would need to be high in order to get a sufficiently low tensor-to-scalar ratio.
The higher information gain at large scales in case of SR initial conditions is attributed to
the rigidity of the model. Assuming this time that SR initial conditions are correct, the data
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Figure 4.12 The upper panels show density plots of the primordial power spectra for scalar PR(k)
and tensor Pt(k) perturbations in (a) and the CMB angular temperature power spectrum DT Tℓ ≡
ℓ(ℓ+1)CT Tℓ /(2π) in (b) for parameter samples from the prior (green) and posterior (orange) distributions
of the MCMC runs for the Starobinsky model. The lower panels show the corresponding plots for
the relative entropy or Kullback-Leibler divergence DKL when going from the prior to the posterior
distribution. The data D are very constraining for large wavenumbers k ≳ 10−3 Mpc−1 and multipoles
ℓ ≳ 10, and drive up the information gain accordingly in those domains. From there the relative
entropy plummets to roughly a fourth its previous value towards larger scales reflecting the lack of
constraining power of the data. This is where the power spectrum cutoff can sink in. (Figure created
using fgivenx [172].)
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Figure 4.13 Kullback-Leibler divergence comparing quadratic vs Starobinsky inflation, and KD vs
SR initial conditions. Plot (a) shows the Kullback-Leibler divergence for the PPS of scalar PR(k)
and tensor Pt(k) perturbations. Plot (b) shows the Kullback-Leibler divergence for the CMB angular
temperature power spectrum DT Tℓ ≡ ℓ(ℓ + 1)CT Tℓ /(2π).
constrain the amplitude at small scales and the SR model then tells us that there must be a
similar amplitude at large scales.
4.6 Conclusions
We have shown that using kinetically dominated (KD) initial conditions instead of slow-roll (SR)
initial conditions for homogeneous and isotropic single-field inflation causes oscillations and a
cutoff towards large scales in the primordial power spectrum (PPS). The position of oscillations
and cutoff is governed by the amount of inflation N† preceding horizon exit for any given
pivot mode. The amount of inflation N∗ after horizon exit determines the scalar spectral
index ns and the tensor-to-scalar ratio r.
We illustrate how these features carry through to the CMB power spectrum, where the
cutoff in the PPS can sink into the low-ℓ lack of power in the CMB. The oscillations get
washed out going from the PPS to the CMB such that they are not strong enough to model
the dip in CMB power at multipoles ℓ of approximately 20–25.
We perform an MCMC analysis and find that all standard cosmological parameters (Ωb,
Ωc, τ , H0, As, ns) for all the models taken into consideration (rΛCDM, quadratic inflation
with SR and KD initial conditions, Starobinsky inflation with SR and KD initial conditions)
are consistent with the standard ΛCDM model. As expected, we find significant differences
for the amount of tensor modes, favouring Starobinsky over quadratic inflation. Both the
e-folds N† and N∗ cannot be clearly estimated. The amount of inflation before horizon exit
can be constrained from below and shows a peak at about N† = 6 e-folds. From there it
rapidly drops off to about half the peak amplitude and plateaus. This reflects that KD initial
conditions are indistinguishable from SR initial conditions for large values of N†. The amount
of observable inflation N∗ is essentially unconstrained, hence any constraints are mostly driven
by the choice of prior.
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In a model comparison the Starobinsky model performs better and the quadratic model
worse than the standard ΛCDM model. They both perform significantly better than the
rΛCDM model. Although we do not find a significant difference between the use of SR or
KD initial conditions in terms of evidence, it is intriguing that the KD model manages to
balance the penalty for an additional parameter with a slightly improved fit for small N† at
low multipoles, due to its effect on the overall power level in this region.
Finally, in an analysis of the posterior density and the Kullback-Leibler divergence, we
confirm that most of the information gain from the data happens on small scales, i.e. for
large multipoles. It will be interesting to consider in future work whether including large
scale polarisation data from a future cosmic variance limited CMB experiment can help to
discriminate more definitively between SR and KR conditions in terms of their effects on
low-ℓ CMB power.
Chapter 5
Finite inflation in curved space
In this chapter, we consider the effects of non-zero spatial curvature on cosmic inflation in the
light of cosmic microwave background (CMB) anisotropy measurements from the Planck 2018
legacy release (P18) and from BICEP2 and the Keck array (BK15). Even a small percentage
of non-zero curvature today would significantly limit the total number of e-folds of the scale
factor during inflation, rendering just-enough inflation scenarios with a kinetically dominated
stage preceding slow-roll inflation more likely.
5.1 Introduction
Measurements of the cosmic microwave background (CMB) radiation anisotropies with the
Planck satellite [16, 21, 22] have allowed us to refine our view of the Universe to unprecedented
precision. This has led to what can be viewed as the current standard model of cosmology,
called ΛCDM for the two dominant contributions to the overall energy density today: a
cosmological constant Λ and cold dark matter (effectively collisionless with no electromagnetic
interactions). The ΛCDM model is characterised through six free parameters, most of which
can by now be given to percent-level precision [33–35]. It assumes the Friedmann–Lemaître–
Robertson–Walker (FLRW) metric [49–54] with flat spatial geometry.
Cosmic inflation was originally [55–58] developed as a mechanism to explain the observed
homogeneity and flatness of our Universe and is the currently preferred description of the
primordial universe. In the ΛCDM model it is summarised in the form of two parameters,
the scalar power amplitude As and spectral index ns, characterising a power-law primordial
power spectrum (PPS) of density anisotropies. The small deviation from unity of the scalar
spectral index, and thus from scale invariance of the PPS, has been confirmed to 8 σ precision
and is one of the prime successes of cosmic inflation [33]. In its simplest form, the accelerated
expansion of the Universe during cosmic inflation is driven by a single scalar field ϕ with a
standard kinetic term that slowly rolls down a potential V (ϕ). This slow-roll scenario in a
flat Universe has been investigated extensively for various inflationary potentials [131, 148,
173–178].
Despite the success of flat ΛCDM there has been a persistent preference for positive
curvature (closed universes) in CMB temperature and polarisation data [33–35, 134, 151,
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179, 180]. The latest data release from the Planck satellite [33] in particular has sparked
discussion around evidence for spatial curvature in the CMB and about a possible discordance
or tension with measurements from other sources such as baryon acoustic oscillations (BAO)
or luminosity distance data, e.g. type Ia supernovae or Cepheid variables [27–29, 180, 181].
Non-zero spatial curvature affects the CMB anisotropy spectrum on two levels. First,
curvature terms in the Boltzmann equations will modify the transfer functions, which encode
the evolution of linear perturbations through the standard Big Bang epochs of radiation,
matter and Λ domination until today. This makes up the curvature effect, which is commonly
studied through an extension of the base ΛCDM model with a variable curvature density
parameter ΩK,0 as mentioned in the abstract. Note that we use the subscript 0 to refer to
present-day quantities. Second, a detection of present-day non-zero curvature would strongly
limit the total amount of slow-roll inflation (measured in form of e-foldings of the scale factor a)
and thereby would affect the PPS, particularly on large scales [123]. This could explain some
of the unexplained features in the CMB angular power spectra, such as the lack of power on
the largest scales [182]. Additionally, non-zero curvature renders scenarios of finite inflation
more likely, including those with a phase of fast-roll inflation or kinetic dominance (KD)
(where the inflaton’s kinetic energy dominates over its potential energy) preceding slow-roll.
See e.g. [116, 118] for early accounts on the generality of slow-roll inflation as an attractor
solution and possible preceding stages of KD and fast-roll with and without curvature. Other
motivations for KD or fast-roll include holographic bounds [124, 125, 183, 184] or certain
potentials that render a preceding phase of KD or fast-roll more likely [I & chapter 3] or that
predict fewer e-folds of inflation [122]. This form of a finite amount of inflation is often also
referred to as just-enough inflation [185]. The consequences of a preceding KD or fast-roll
stage have been mostly studied assuming a flat cosmology, see e.g. [II & chapter 4, 115, 120,
121, 126–130, 150, 154, 186–189]. There have been a few previous studies of the large scale
curvature effects on the PPS and how they translate to the CMB anisotropy spectra [123,
190–193], but these did not go beyond a phenomenological study of some specific parameter
combinations.
In this paper we build on the ΛCDM extension with a non-zero curvature density pa-
rameter ΩK,0, which already accounts for curvature effects on the transfer functions of the
Boltzmann equations of cosmology. We further investigate the other implications of non-zero
curvature on cosmic inflation, the PPS of scalar and tensor perturbations, and thus the
CMB temperature and polarisation angular power spectra. To that end we compute the
PPS numerically in order to include large scale curvature effects where the slow-roll approx-
imation of inflation no longer holds. We interface our numerical PPS with the Boltzmann
code CLASS [105] to compute the CMB anisotropy spectra, which we then use for parameter
estimation and model comparison in a fully Bayesian analysis, making use of Cobaya’s [101]
interface with the nested sampling code PolyChord [95, 96]. Using CLASS with its fully
quantised treatment for closed universes [169] addresses the concerns raised in [181] about
the proper treatment of the power spectra on large scales with non-zero spatial curvature
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in other cosmological codes. For the post-processing of the nested sampling chains we use
Anesthetic [109].
Note that there are two different perspectives one can adopt when applying a prior to
the curvature density parameter ΩK,0. On the one hand, one can claim ignorance about
the spatial curvature of the universe and apply a uniform prior over some range, typically
symmetric about ΩK,0 = 0. This is the approach taken e.g. in [33–35] and also in this paper.
A preference for non-zero curvature by the data will then limit the total amount of inflation
as described in the preceding paragraph. On the other hand, one can take the view that a
priori one expects inflation to produce a large number of e-folds of the scale factor, in which
case it has been suggested that one should instead adopt a prior that is strongly peaked at
ΩK,0 = 0, with tails extending to non-zero curvature values [181]. We leave the exploration of
such a prior preference for spatial flatness to future work.
The structure of this paper is as follows. We first review our statistical and computational
methods in section 5.2. In the following sections 5.3 to 5.5 we review the necessary theoretical
background of inflation, including reasons why it might be finite, and the initial conditions we
use in such cases of finite inflation. These sections also serve as an introduction of our notation.
In section 5.7 we present our numerical results for the evolution of the comoving Hubble
horizon prior to and during inflation, with a specific focus on the effects of curvature at the
very start of inflation. Section 5.8 focuses on the conformal time passing before versus after the
end of inflation. This places an important constraint on primordial parameters, especially the
primordial curvature, in order to solve the horizon problem. Next, in section 5.9, we investigate
another constraint originating from the reheating epoch following inflation, which is particularly
relevant for the total duration of inflation. In section 5.10 we review the computations going
into the generation of the PPS. In section 5.11 we present some popular choices of inflationary
potentials and their predictions for slow-roll parameters such as the scalar spectral index ns,
its running nrun, and the tensor-to-scalar ratio r of primordial perturbations. We compare the
slow-roll predictions for these parameters to their corresponding one-parameter extensions of
ΛCDM, while also allowing for non-zero spatial curvature. Much of the theory presented up
to this point is well-covered in the literature for the flat case. However, since the curved case
exhibits sufficient complexity when all these pieces are put together, it warrants this lengthier
exposition in this paper. Section 5.12 gives an overview of our choice of parametrisation used
for our nested sampling runs, the results of which we present in section 5.13. We start out
by presenting results only from parameter extensions of ΛCDM with the curvature density
parameter ΩK,0 and the tensor-to-scalar ratio r. We then present results for various single
scalar field inflation models using the fully numeric computation of the PPS. We conclude in
section 5.14.
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5.2 Methods
We make use of the same tools as in our preceding analysis in chapter 2 on the effects of
half-constrained parameters on the Bayesian evidence. Hence, this section follows closely the
corresponding “methods” section therein.
5.2.1 Bayesian inference and nested sampling
For the estimation of the probability distribution for a set of model parameters θ and for
the comparison of various models M with one another, we make use of Bayesian methods
rooted in Bayes’ theorem. The theorem describes how to update a prior belief πM (θ) with
the likelihood LM (θ) of the parameters θ in light of new data D:
Pr
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Posterior × Evidence = Likelihood × Prior,
PM (θ) × ZM = LM (θ) × πM (θ). (5.1)
The posterior PM (θ) is the main quantity of interest in a parameter estimation, representing
our state of knowledge about the parameters θ given a model M and the data D. The
evidence ZM is pivotal for model comparison.
Were we interested only in parameter estimation, then it would be sufficient to consider
the unnormalised posterior, which is proportional to the product of likelihood and prior, and
the Bayesian evidence could be neglected as a mere normalisation factor. However, for the
comparison of two models A and B the evidence becomes important. Putting the two models
on the same footing a priori, i.e. Pr(A) = Pr(B), the posterior probability ratio is equal to








) = Pr(D|A)Pr(D|B) = ZAZB (5.2)
This ratio can be interpreted as betting odds for the two models. We typically quote this in





The Bayesian evidence is sometimes also referred to as the marginal likelihood and thereby
can be interpreted as the prior average of the likelihood:
ZM =
∫






It is notoriously difficult to calculate because it requires one to take the whole parameter space
into account, unlike the posterior distribution, which typically spans only a small fraction of
the sampled parameter space. On the other hand, it takes the complexity of a model into
account by automatically applying an Occam penalty to over-parametrised models. We use
PolyChord [95, 96], a nested sampler that is designed to efficiently sample high-dimensional
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parameter spaces with a speed hierarchy allowing to oversample the many nuisance parameters
that come with experiments such as Planck [62] or the BICEP and Keck Array [71].









It is also referred to as the relative entropy, describing its role in quantifying the information
gain when going from the prior to the posterior distribution. Splitting up the log-evidence into
KL-divergence and posterior average of the log-likelihood highlights how the KL-divergence
can also be viewed as a measure for the Occam penalty that goes into the Bayesian evidence,
















(log-)evidence = parameter fit − Occam penalty,
ln ZM = ⟨ln LM ⟩P − DKL,M . (5.5)
Besides the posterior average of the log-likelihood, we note that the posterior variance of
the log-likelihood gives us the Bayesian model dimensionality dM , a measure of the number
























For the integration of the ordinary differential equations (ODEs) of the primordial inflationary
background, to be introduced in section 5.3 in eqs. (5.14) to (5.17), we use scipy’s Runge–
Kutta (RK) integrator [1, 194]. The mode eqs. (5.47) and (5.54) of primordial perturbations
are highly oscillatory and therefore pose a challenge for standard RK integrators, as they
need to trace every oscillation in the solution. Instead, we use oscode [195, 196] for these
equations, whose adaptive algorithm [197] switches automatically between conventional RK
steps based on a fourth and fifth order Taylor approximation and WKB steps which make use
of the Wentzel–Kramers–Brillouin approximation and are better suited for tracking oscillatory
solutions. This allows the integrator to skip over multiple wavelengths in a single step,
decreasing the computation time over conventional methods by several orders of magnitude
and improving the accuracy.
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5.2.3 Statistical and cosmological software
We explore posterior distributions of cosmological and nuisance parameters using Cobaya [101],
which interfaces the sampling with the theory codes and provides both the MCMC sampler
developed for CosmoMC [102, 103] with a “fast dragging” procedure described in [104] and
the nested sampling code PolyChord [95, 96], tailored for high-dimensional parameter spaces,
which can determine the Bayesian evidence simultaneously. For the cosmological theory code
we use the Boltzmann solver CLASS [105, 106, 168, 169], which computes the theoretical CMB
power spectra for temperature and polarisation modes. We extend CLASS with our own code
computing the primordial power spectrum for various inflationary potentials, making use of
the aforementioned ODE solver oscode [195].
We use GetDist [108] to generate the data tables of marginalised parameter values. The
post-processing of the nested sampling output for the computation of Bayesian evidence,
KL-divergence and Bayesian model dimensionality, as well as the plotting functionality for
posterior contours is performed using the python module anesthetic [109].
5.2.4 Data
We use the 2018 temperature and polarisation data from the Planck satellite [62], abbreviated
as “TT, TE, EE + lowE” in the Planck publication. Note that the specific use of “lowE” but
lack of “lowT” might mislead one to the conclusion that only E-mode and no temperature
data were used at low multipoles. However, this is not the case. The abbreviation implies the
inclusion of both high-ℓ and low-ℓ temperature auto-correlation data. To save space we will
frequently refer to this Planck data release as “P18”.
Additionally, we use B-mode data from the 2015 observing season of BICEP2 and the
Keck Array CMB experiments [71] (2018 data release), which we abbreviate as “BK15”.
Note that we have chosen not to include data from CMB lensing and from Baryon Acoustic
Oscillations (BAOs), which have been shown to be in some tension for closed universes [27–
29]. The reasons for this are unclear, but may be related to the same issue as with the
lensing parameter Alens or the fact that the corresponding likelihoods assume a fiducially flat
cosmology.
5.3 Inflationary background equations
The Friedmann equations [49] and the related continuity equation are derived from the
Einstein equations of general relativity [48] assuming the homogeneous and isotropic FLRW
metric [49–54]. They govern the dynamics of the Universe in form of the scale factor a and
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where G is Newton’s gravitational constant, H = ȧa is the Hubble parameter, K ∈ {−1, 0, +1}
is the sign of the spatial curvature∗ corresponding to open, flat and closed universes respectively,
and Λ is the cosmological constant. Dots denote derivatives with respect to cosmic time.













Ωi, , i ∈ {r, m, Λ, K, ϕ}, (5.12)
where the index i runs over all relevant types of fluids such as radiation r, matter m, dark
energy (cosmological constant) Λ, a scalar inflaton field ϕ or curvature K. Depending on
the mix of such fluids various realisations of universes with different geometries, different
matter content, and different evolutions are possible. Given a vanishing cosmological constant
the evolution of a universe is tightly linked to the spatial curvature. A closed universe
will eventually recollapse, whereas an open universe would expand forever. For a non-zero
cosmological constant this is not generally true. For a negative cosmological constant all
universes will eventually recollapse, while for a positive cosmological constant most universes
will in fact expand forever irrespective of the spatial curvature.




c = ℏ = 1. We assume that a single, scalar field ϕ, which we call the inflaton, dominates over
all other species early in the history of the Universe, with the possible exception of curvature.
The energy density ρ and pressure p for the inflaton field ϕ are
ρϕ = 12 ϕ̇
2 + V (ϕ), pϕ = 12 ϕ̇
2 − V (ϕ), (5.13)
where V (ϕ) is the potential of the inflaton field. Inserting energy density and pressure into
eqs. (5.8) to (5.10) and switching to reduced Planck units we get the background equations
for the evolution of our inflaton field early on, before contributions from radiation and matter
∗Note, that there are different conventions in the treatment of the spatial curvature parameter K. Here,
we absorb any arbitrariness in the magnitude of K into the radial coordinate and the scale factor a, such that
K only takes one of {−1, 0, +1} (see e.g. [198] for more details). Consequently we generally have a0 ≠ 1, in
contrast to the flat case.














= Ḣ + H2 = − 1
3 m2p
(
ϕ̇2 − V (ϕ)
)
, (5.15)
0 = ϕ̈ + 3Hϕ̇ + V ′(ϕ). (5.16)
Equations (5.14) and (5.15) can be combined to give a slightly simpler potential-independent
expression:





Inflation is commonly defined as a period of accelerated expansion ä > 0 from which we
can derive the following equivalent definitions of inflation:
ä > 0, (5.18)
d
dt(aH)
−1 < 0, (5.19)
V (ϕ) > ϕ̇2. (5.20)
Equation (5.19) is a direct consequence of eq. (5.18) and provides a more practical way of
defining inflation, since it directly relates to the horizon and flatness problem which motivated
inflation in the first place. Equation (5.20) can be derived from the previous definitions
together with the second Friedmann eq. (5.15). It links the definition of inflation to the
inflaton field ϕ and its time derivative ϕ̇, which we will use in the following sections for setting
initial conditions at the start of inflation.







2 − V (ϕ)
1
2 ϕ̇
2 + V (ϕ)
(5.21)




≈ 1 kinetic dominance, ϕ̇2 ≫ V (ϕ),
> −13 no inflation,
< −13 (fast-roll) inflation,
≈ −1 slow-roll inflation, ϕ̇2 ≪ V (ϕ).
(5.22)
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5.4 Finite inflation
In this paper we seek to further investigate the effect of a finite amount of inflation on various
quantities such as the comoving Hubble horizon, conformal time, or the primordial power
spectrum of curvature perturbations and gravitational waves. Where there is only a finite
amount of inflation, there is also a start to inflation, which will influence our choice of initial
conditions, as we will discuss further in section 5.5.
There are various mechanisms that can prevent inflation at early times. In this paper we
focus on two components: kinetic dominance (KD) and spatial curvature. Their effects on the
energy density ρ and the comoving Hubble horizon a0/(aH) are shown in figs. 5.1 and 5.2 and
detailed in the following sections 5.4.1 and 5.4.2. Similarly, inhomogeneities in the inflaton
field might prevent inflation at early times, as sketched in fig. 5.3. We briefly comment on
inhomogeneities in section 5.4.3, but for simplicity we neglect them for the remainder of this
paper and focus on KD and curvature as the regimes preceding inflation.
5.4.1 Kinetic dominance (KD)
In Hergt et al. (2019) [II & chapter 4] we worked in a spatially flat universe and compared
the effect of setting the initial conditions for inflation during SR with ϕ̇2 ≪ V (ϕ), or KD
with ϕ̇2 ≫ V (ϕ) (cf. eq. (5.22)). In both regimes the initial conditions for the background
eqs. (5.14) to (5.17) can be conveniently expressed in analytic form [II & chapter 4, 115].
In fig. 5.1 (orange line) we schematically illustrate the role of both the KD and SR regime
in the overall evolution of the Universe. Note in particular that the energy density scales as
ρKD ∝ a−6 and ρSR ∝ a0,
and the comoving Hubble horizon as
(aH)−1KD ∝ a
2 and (aH)−1SR ∝ a
−1.
With the inclusion of spatial curvature, we prefer setting the initial conditions at the start
of inflation, i.e. at the turnover point where the comoving Hubble horizon becomes maximal
and changes from growing during KD to shrinking during SR. This prevents (at the prior level)
running into spatially closed universes that collapse (the comoving Hubble horizon diverges)
even before inflation has actually started. Nevertheless, we can integrate the inflationary
background eqs. (5.14) to (5.17) both forwards and backwards in time to recover the SR and
the KD regime respectively. Forwards in time, SR inflation is an attractor solution, meaning
that regardless of where in (ϕ, ϕ̇) phase-space the inflaton starts from, it will end up in the
SR regime, where the inflaton “slowly rolls down the potential”, motivating its name (see also
[I & chapter 3, 116, 118, 135, 178, 199]). Integrating backwards in time, the attractor solution
is kinetic dominance [I & chapter 3, 115].














































KD Curvature Inflation Reheating Radiation Matter Λ
Figure 5.1 Sketch of the evolution of the energy density ρ and the comoving Hubble horizon (aH)−1. We
highlight the possible effect of different levels of curvature in green. Darker shades of green correspond
to a higher curvature density. The dotted lines indicate how the curvature becomes increasingly
less relevant during inflation. If curvature were to dominate over the sum of all other components
(inflaton, radiation, matter, dark energy) in a closed universe, this will lead to collapsing universes
(diverging comoving Hubble horizon), as sketched in blue. Orange corresponds to the evolution in the
absence of curvature or where curvature is negligible, starting out in kinetic dominance (KD) and then
transitioning into inflation. Black corresponds to the standard Big Bang evolution from radiation, to
matter and roughly today to Λ (or dark energy) domination. The red lines correspond to different
reheating scenarios parametrised by the equation of state parameter of reheating wreh.
5.4.2 Curvature domination
If the energy density of spatial curvature ρK is of the same order as that of the inflaton field,
then this leads to visible effects in the comoving Hubble horizon in the transition region
between KD and SR. This is shown schematically in figs. 5.1 and 5.2.
Figure 5.2 highlights the symmetry between open (green) and closed (blue) universes
around the flat case (orange). During inflation and going backwards in time, the comoving
Hubble horizon grows in proportionality to the scale factor a. Due to the direct connection
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Figure 5.2 Schematic view of effects from significant amounts of spatial curvature on the evolution of
the comoving Hubble horizon preceding and during inflation, where we assume slow-roll conditions,
such that any term involving ϕ̇ is neglected and the potential V is constant. The comoving Hubble
horizon then becomes (aH)−1 = (V e2N − 3 m2pK)−1/2. Open universes are constrained by eq. (5.31).
For significantly closed universes the comoving Hubble horizon diverges.
between comoving Hubble horizon (aH)−1 and curvature density parameter ΩK (by definition
of ΩK in eq. (5.11)), this means that the curvature density grows as well. Once the curvature
density comes to dominate, the comoving Hubble horizon diverges for a closed universe
and levels off for an open universe. Thus, we can only really refer to a phase of curvature
domination in the open case. Nonetheless, effects of curvature on the comoving Hubble horizon
can already be seen for lower (i.e. large but not dominating) levels of curvature, as we show
in more detail in fig. 5.6. An actual divergence in the closed case could have its origin in a
coasting or bouncing universe. Note that bouncing universe models typically involve some
modification of general relativity, a formulation of quantum gravity or additional assumptions
about the inflaton field (see [200] for a review). Viewed from the opposite end by starting in
kinetic dominance, a diverging comoving Hubble horizon would in almost all cases correspond
to a collapsing universe. The plateau in the open case could in principle reach back indefinitely,
if the universe started exactly with ΩK = 1. Curvature below that value would mean a
preceding phase of KD.
Figure 5.1 illustrates schematically the role of curvature in the early evolution of the
Universe. With ρK ∝ a−2 the curvature density drops slower than the kinetic energy density
from the inflaton field and therefore becomes more relevant in the vicinity of the local maximum
of the comoving Hubble horizon, causing the horizon to flatten or sharpen in the open or
closed case, respectively. Once the inflaton potential comes to dominate over the kinetic term,
its energy density, which scaled as a−6 during KD, becomes constant during inflation, thereby
quickly exceeding the curvature density.










































Inhomogeneity Inflation Reheating Radiation Matter Λ
Figure 5.3 Sketch of the evolution of the energy density ρ and the comoving Hubble horizon (aH)−1
as in fig. 5.1. This time we highlight in purple the possible effect of different levels of inhomogeneities
prior to the start of inflation.
5.4.3 Inhomogeneities
Various analyses [178, 199, 201–204] have found that inhomogeneities cause a pre-inflationary
phase where the energy density scales as
ρinhom ∝ a−4. (5.23)
This is sketched in fig. 5.3, which also demonstrates how high levels of primordial inho-
mogeneities might hide a period of kinetic dominance. However, like kinetic dominance,
inhomogeneities will lead to a finite start to inflation.
5.5 Initial Conditions for inflation
5.5.1 Setting initial conditions at the start of inflation
In section 5.4.1 we have already mentioned that KD leads to analytic expressions for the
evolution of background variables, which may serve as initial conditions for the inflaton field ϕ.
However, it is equally possible to set the initial conditions at the start of inflation and then
numerically integrate both backwards in time towards kinetic dominance and forwards in time
into inflation. This gives us a better handle on new parameters that are introduced through
the addition of curvature such as the primordial curvature density parameter at the start of
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inflation Ωk,i. We will label parameters referring to the start of inflation with a subscript “i”,
mnemonic for “initial” or “inflation”.
At the start of inflation we can set the inequalities in the definitions for inflation from
eqs. (5.18) to (5.20) and (5.22) to equality, leading to the following expressions:
äi = 0, (5.24)
d
dt(aiHi)
−1 = 0, (5.25)
V (ϕi) = ϕ̇2i , (5.26)
wϕ,i = −13 , (5.27)
This simplifies the background eq. (5.14), and together with eq. (5.11) for the curvature
density parameter allows us to relate the scale factor ai, the inflaton field ϕi and the curvature











Numerically integrating the background eqs. (5.14) and (5.15) and the equation of motion
for the inflaton field eq. (5.16) requires initial values for the variables {N, ϕ, ϕ̇}, where
N = ln a is the number of e-folds of the scale factor and a is measured in reduced Planck units.
Equation (5.26) links the initial value for the time derivative of the inflaton field ϕ̇i to the
potential of the inflaton field V (ϕi) at the start of inflation. This leaves the e-folds Ni and the
inflaton field ϕi as free parameters. The initial value of the curvature density parameter ΩK,i
can be derived using eq. (5.28) and hence could be varied in place of either Ni or ϕi:
ΩK,i =
[












From this we can derive the condition that the primordial curvature density needs to be
ΩK,i < 1 (5.31)
in order for inflation to start after the Big Bang. Equality would correspond to Ni → −∞ or
ai = 0, i.e. inflation starting at the Big Bang.
The initial value for the inflaton field ϕi determines the amount of e-folds of inflation.
Hence, it can be useful to infer ϕi from a desired number of e-folds of inflation. In the following
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flat
open, Ni ∈ [9, 12]




with respect to physical time t
for closed (ΩK < 0), flat (ΩK = 0) and open (ΩK > 0) universes. Both of these variables are used as
independent variables in fig. 5.5 where we also detail the generation of these curves. The scale factor
and physical time are given in the reduced Planck units for length ℓp and time tp respectively.
we will consider the total e-folds of inflation Ntot and the e-folds of inflation N† before and N∗
after the pivot scale k∗ = 0.05 Mpc−1 crosses the comoving Hubble horizon.
Using these initial conditions we can integrate eqs. (5.14) to (5.17) forwards and backwards
with respect to cosmic time t or with respect to the number of e-folds N of the scale factor.
The connection between the independent variables t and N is shown in fig. 5.4, illustrating
the exponential growth of the universe during inflation. We can also compute various other
quantities such as the inflaton field ϕ, its time derivative ϕ̇, the equation of state parameter wϕ
or the Hubble parameter H, all of which are shown in fig. 5.5 with respect to cosmic time in
the left column and with respect to e-folds in the right column. We show the solutions for a
flat universe in orange. In green and blue we show the slightly different evolution of open and
closed universes respectively. We show these curved cases for different amounts of primordial
curvature, which we achieve by varying the starting point Ni. For a clean visualisation we
chose the initial conditions such that inflation ends at Nend = 70.
5.6 Linking primordial to present-day scales
In order to link primordial to present-day scales we need to first calibrate the scale factor a
and the wavenumber k associated with curvature perturbations, which we briefly review in
this section.
Curved universes have an advantage over flat universes when discussing scales in that
eq. (5.11) provides a direct link between the curvature density parameter and the scale factor.
Given today’s curvature density parameter ΩK,0, this allows a calibration of the scale factor
without any knowledge of the evolution of the universe. Otherwise, as is the case for flat
universes, we would have to make additional assumptions, e.g. by introducing a free parameter
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Background variables for Starobinsky potential
Figure 5.5 Evolution of background variables during inflation for closed (ΩK < 0), flat (ΩK = 0)
and open (ΩK > 0) universes. The rows show the inflaton field ϕ, its first time derivative ϕ̇ with a
semi-logarithmic scaling with threshold at |ϕ̇| = 10−5, the equation-of-state parameter wϕ with the
horizontal dotted line indicating the threshold wϕ = − 13 between inflating and non-inflating, and the
Hubble parameter H, respectively. The left column is with respect to physical time t and the right
column with respect to the natural logarithm of the scale factor N ≡ ln a (see also fig. 5.4 for their
interdependence). The curves were initialised at the start of inflation where V (ϕi) = ϕ̇2i and from there
integrated backwards and forwards in time. For visualisation purposes inflation was specified to end
at Nend = 70 and the start of inflation was varied uniformly for the closed case within Ni ∈ [9.4, 10]
and for the open case within Ni ∈ [7, 10]. These ranges can be converted to the primordial curvature
density parameter corresponding roughly to ΩK,i ∈ [−300, −3] and ΩK,i ∈ [0.997, 0.451], respectively.
Note that these plots were generated using the Starobinsky potential, but the general picture remains
qualitatively mostly the same independent of the choice of potential.
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on the observable e-folds N∗ from horizon crossing to the end of inflation or by making specific
assumptions about the evolution of the Universe between the end of inflation and before the
standard Big Bang evolution, i.e. about the epoch of reheating.
5.6.1 Calibration of the present-day scale factor
In order to calculate the comoving Hubble horizon or the primordial power spectrum, we need
to first calibrate the scale factor a, which in this paper we do by deriving the present-day scale
factor a0 from the present-day curvature density parameter ΩK,0 and Hubble parameter H0.








5.6.2 Calibration of the wavenumber of primordial perturbations
As is standard practice, we formulate the condition for horizon crossing in terms of the
comoving Hubble horizon (as opposed to the particle horizon). We will evolve the gauge-
invariant curvature perturbations Rk for a given wavenumber k. Its reciprocal 1/k (ignoring
possible factors of 2π that, one could argue, should be introduced) can be thought of as
the comoving wavelength scale of the perturbation itself [60]. Whilst the length-scale 1/k
of perturbations is smaller than the comoving Hubble horizon, the curvature perturbations
oscillate. From the definition for inflation in eq. (5.19) we know that the comoving Hubble
horizon shrinks during inflation. Once it drops below 1/k, the oscillations stop and the
curvature perturbations “freeze”, as the corresponding modes have become larger than
the characteristic length-scale over which physical processes operate coherently. We use the
transition point, which we refer to as horizon crossing, to link any given curvature perturbation




This allows us to draw the dotted line in fig. 5.6 representing the pivot scale k∗ = 0.05 Mpc−1.
5.7 The comoving Hubble horizon
Figure 5.6 contrasts the evolution of the comoving Hubble horizon in closed and open
universes for varying amounts of primordial curvature. For visualisation purposes, we calibrate
today’s scale factor a0 as described in section 5.6.1 by fixing today’s curvature density
parameter
∣∣ΩK,0∣∣ = 0.01. Fixing ΩK,0 yields a linear relation between the evolution of the
comoving Hubble horizon and the evolution of the curvature density parameter, and we
therefore plot both, on opposite y-axes. This makes apparent how inflation solves the flatness
problem, as the shrinking comoving Hubble horizon during inflation (by definition in eq. (5.19))
corresponds to the shrinking of the curvature density parameter, such that the standard Big



























c N∗ ≈ 50.4
pivot scale













0 10 20 30 40 50 60 70






























































0 5 10 15

















open, Ni ∈ [6, 14]
ΩK = +1
Figure 5.6 Evolution of the comoving Hubble horizon ca0(aH)−1 with respect to number of e-folds of
the scale factor N ≡ ln a. The secondary y-axis relates the comoving Hubble horizon to the absolute
value of the curvature density parameter |ΩK | = (aH)−2 for curved universes. As in fig. 5.5, the initial
conditions were set such that inflation ends at Nend = 70 and with a varying start of inflation Ni. For
the comoving Hubble parameter we also need to specify today’s scale factor a0, which can be derived
from today’s curvature density parameter ΩK,0 and eq. (5.32). Here, we have set |ΩK,0| = 0.01. This
effectively fixes the number of e-folds N∗ from horizon crossing of the pivot scale k∗ = 0.05 Mpc to the
end of inflation. The right hand plot is a zoom-in into the region of the start of inflation where the
shape for closed universes (upper panels) differs to the one of open universes (lower panels). The dashed
line marks the limit of the constraint for open universes ΩK < 1 from eq. (5.31). Note that these plots
were generated using the Starobinsky potential, but the general picture remains qualitatively the same
independent of the choice of potential.
Bang evolution thereafter starts out with a sufficiently small curvature density parameter.
For any given total number of e-folds of inflation Ntot the choice of
∣∣ΩK,0∣∣ decides how many
e-folds pass before versus after horizon crossing of the pivot scale k∗. We refer to these
numbers of e-folds with N† and N∗ respectively. The e-folds N∗ (i.e. after horizon crossing
of the pivot scale) we also call the observable number of e-folds of inflation because of their
direct connection to primordial cosmological parameters (e.g. the scalar spectral index ns) in
flat slow-roll inflation models, where the total number of e-folds is typically assumed to be
much larger but ultimately unknown.
As in figs. 5.4 and 5.5 we vary the start of inflation Ni while keeping the end of inflation
fixed to Nend = 70 in fig. 5.6. This effectively also fixes the number of e-folds after horizon
crossing of the pivot scale to N∗ ≈ 50.4. The total number of e-folds on the other hand shrinks
with larger Ni as Ntot = Nend − Ni and thus the initial value for the inflaton field ϕi decreases
as well.
Equation (5.29) links the primordial curvature density parameter ΩK,i to the e-folds Ni
at inflation start. Thus, a smaller Ni means a larger |ΩK,i| and in turn a larger comoving
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Hubble horizon at inflation start. For open universes this gets capped by the constraint
from eq. (5.31), meaning for very early starts of inflation the primordial curvature density
parameter tends to unity:
ΩK,i → +1 ⇐⇒ Ni → −∞. (5.34)
For closed universes on the other hand, the primordial curvature density parameter diverges
as Ni is pushed to earlier times:






Note how a small amplitude of the inflationary potential (as expected from data) in eq. (5.35)
pushes inflation start until after the Planck epoch for closed universes: Ni > Np = 0. For
small levels of primordial curvature, the shape of the curve in fig. 5.6 is the same for open and
closed universes and matches that of a flat universe. With increasing primordial curvature
the curve becomes flatter for open universes and pointier for closed universes, moulding to
the limits expressed in eqs. (5.34) and (5.35) and sketched out in fig. 5.2.
It has frequently been proposed that it would be more natural to count the number
of e-folds during inflation in terms of the comoving Hubble horizon (aH)−1 instead of the
scale factor a, because of its direct relation with the flatness and the horizon problem [160,
205, 206]. Where curvature effects are negligible, i.e. where ΩK,i < 1, these measures are
actually closely related due to the comoving Hubble horizon scaling as a−1 during slow-roll
inflation, independently of the geometry of the universe. With the primordial curvature ΩK,i
approaching unity at the start of inflation, this common scaling breaks down. The behaviour
of the comoving Hubble horizon in a closed universe is inverse to that in an open universe, as
shown in fig. 5.2.
For closed universes, the number of e-folds of the scale factor a are in fact more informative
when it comes to the effect of KD features on the primordial power spectrum. Specifically, the
position of the cutoff in the primordial power spectrum caused by finite inflation (more on this
later in section 5.10) is governed by the number of e-folds N† of the scale factor before horizon
crossing of the pivot scale. So, although for a late inflation start this number is closely related
to the maximum of the comoving Hubble horizon at inflation start or the ratio fi = ΩK,i/ΩK,0
of primordial to present-day curvature, in the limit from eq. (5.35) even a very large change
in (aiHi)−1 and fi will hardly affect N† and the cutoff position will cease shifting.
5.8 Conformal time
In order to solve the horizon problem, the conformal time during inflation has to match or
exceed the conformal time passing thereafter until today (see also [207]). Conformal time can
be expressed in terms of the comoving Hubble horizon (aH)−1 and the e-folds of the scale
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Figure 5.7 Evolution of conformal time η through different stages of the universe: kinetic dominance
(KD) in light blue, inflation in blue, standard Big Bang evolution (radiation, matter and Λ domination)
in grey, and from today onwards in light grey.




∫ d ln a
aH
. (5.36)
Comparing this expression to fig. 5.6 and bearing in mind that the comoving Hubble horizon
in the figure is shown on a logarithmic scale, it is clear that the largest contribution to the
conformal time passing prior to the end of inflation comes from the peak around the start of
inflation. Analogously, the majority of conformal time passing after the end of inflation comes
from the peak around the present-day comoving Hubble horizon. This is clear from the jumps
in fig. 5.7, which shows the accumulation of conformal time from before inflation start until
some future time. The regions where the conformal time plateaus correspond to the regions
where either the inflaton ϕ or the cosmological constant Λ have made the comoving Hubble
horizon shrink so much that there is almost no contribution to the integral in eq. (5.36). This
also holds for the post-inflationary epoch of reheating, which consequently can be neglected
with regards to conformal time, which we will do throughout this section.
In this section we will be focusing on two quantities in particular: the total amount of
conformal time ηtotal passing from the Big Bang prior to inflation up to the future conformal
boundary, and the ratio ηbefore/ηafter of conformal time passing before to after the end of
inflation.
The total amount of conformal time ηtotal is important for the closed universe theory
described by Lasenby and Doran in [123]. Here a natural boundary condition on the transition
to the final asymptotic de Sitter state is found that requires the total conformal time available
to the universe to equal π/2.
Also, as stated earlier, the ratio ηbefore/ηafter is important for addressing the horizon
problem. In order to solve the horizon problem we require that more conformal time has
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(a) Total conformal time ηtotal.






































(b) Total conformal time ηtotal.


















































(c) Conformal time ratio ηbefore/ηafter.
















































(d) Conformal time ratio ηbefore/ηafter.
Figure 5.8 The total conformal time ηtotal from before inflation until the future conformal boundary
and the ratio of conformal time before to after the end of inflation are shown dependent on the
primordial and present-day density parameters, ΩK,i and ΩK,0 respectively. The white dashed line
highlights the value of ηtotal = π2 , which in some closed universe theories [123] is predicted to be a
constraint. The black dotted line indicates where ηafter = ηbefore. Thus, the blue area highlights
where the horizon problem is solved and the red area where inflation was insufficient in order to solve
the horizon problem. In all these cases the following parameters were fixed: the total number of e-folds
of inflation Ntot = 60, today’s matter density parameter Ωm,0 = 0.3166 and the dimensionless Hubble
parameter h = 0.6727.
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Figure 5.8 illustrates how both the total amount of conformal time ηtotal and the ratio
ηbefore/ηafter depend on the primordial and present-day curvature density parameters, ΩK,i






The parameter fi will prove useful also later on for decoupling the effects of primordial and
present-day curvature on the primordial power spectrum. Here, it is useful when looking at
the black dotted line, which separates the plots into red regions where inflation was insufficient
to solve the horizon problem, and blue regions where it was, i.e. the dotted line corresponds
to ηbefore/ηafter = 1. As is particularly clear in fig. 5.8c, this separation depends primarily on
fi when considering a prior range of ΩK,0 ∈ [−0.15, 0.15]. From this we can infer that in order
to solve the horizon problem we require
log10 fi ≳ 0.5. (5.39)
The white regions in the left panels with log10 fi versus ΩK,0 correspond to the constraint
for open universes from eq. (5.31), also seen in fig. 5.6. The white regions in the right panels
correspond to universes that would have collapsed in the past (labelled “no Big Bang”) or
that would collapse in the future before reaching the future conformal boundary.
The possible constraint of a total conformal time of ηtotal = π/2 (white dashed lines) can
be satisfied while also resolving the horizon problem, as part of the white dashed line lies in
the blue region. This would push the present day universe close to flat (see Figure 5.8a) and
the primordial curvature density parameter close to unity (see fig. 5.8b).
Besides the primordial and present-day curvature density parameters, there are some other
parameters (the number of e-folds Ntot, matter density Ωm,0 and Hubble parameter H0) that
enter into the calculation of both the total conformal time as well as the conformal time ratio.
However, their contribution to conformal time is negligible compared to that of the curvature
parameters as seen in fig. 5.9.
For the inflationary part of the calculation we additionally need to consider the mass of
the inflaton and the duration of inflation. The mass of the inflaton (or the amplitude of the
inflationary potential) can be mapped to the amplitude of the primordial power spectrum,
which, as we will see in fig. 5.13, has no effect on the comoving Hubble horizon and is thus
irrelevant for the calculations of conformal time. The total inflationary e-folds Ntot only
influence the comoving Hubble horizon towards the end of inflation where Ntot becomes
minimal (see also fig. 5.13). At that point the comoving Hubble horizon is many orders of
magnitude smaller than at its start and consequently this contribution to the integral for
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(a) (in-)dependence on total number of e-folds Ntot













































(b) (weak) dependence on matter density Ωm,0
Figure 5.9 Conformal time ratio ηbefore/ηafter as in fig. 5.8, but here exploring the (in-)dependence on
the total number of e-folds of inflation Ntot (left) and the present-day matter density parameter Ωm,0
(right). The following parameters were fixed: today’s curvature density parameter ΩK,0 = −0.01, the
dimensionless Hubble parameter h = 0.6727, today’s matter density parameter Ωm,0 = 0.3166 (only in
left panel), and the total number of e-folds of inflation Ntot = 60 (only in right panel).
conformal time in eq. (5.36) is negligible. Figure 5.9a illustrates how the conformal time
ratio is almost independent of the total amount of inflation Ntot. Note that this goes against
the rule of thumb of requiring order 60 e-folds of inflation to solve the horizon problem,
which is valid when the start of inflation is fixed. Figure 5.9a tells us that we can solve the
horizon problem equally well for only 30 e-folds. The essential thing is that the comoving
Hubble horizon (or the curvature density parameter) needs to have been sufficiently large
at the start of inflation compared to today, reinforcing the requirement from eq. (5.39) that
log10 fi ≳ 0.5. Note, however, that we are investigating conformal time completely isolated
from other possible constraints from reheating, here. We will investigate constraints from
reheating in the following section 5.9 and later in section 5.13.2.
For the calculation of conformal time after the end of inflation and throughout radiation,
matter and Λ domination we need to further consider today’s matter density parameter Ωm,0
and Hubble parameter H0. Through eq. (5.32) the Hubble parameter mostly serves as a
normalisation factor to the scale factor a0 and therefore primarily only shifts the comoving
Hubble horizon along ln a, which does not affect the integral for conformal time in eq. (5.36).
Increasing the present-day matter density parameter Ωm,0 increases the matter contribution
to the comoving Hubble horizon, which therefore becomes larger during matter domination in
general and at the end of matter domination in the late-time Universe in particular, when
the comoving Hubble horizon peaks (see also fig. 5.1). Thus, there is a dependence of the
conformal time ratio ηbefore/ηafter on the matter density parameter. However, for the range




While the start of inflation plays a crucial role for considerations of the conformal time
and thereby also the horizon problem, the end of inflation is important for the period of
reheating. Reheating links the primordial evolution of the Universe to the standard Big Bang
evolution, comprised of radiation, matter, and Λ domination. Going back to fig. 5.1, we can
see this schematically for the energy density ρ and the comoving Hubble horizon (aH)−1. For
the reheating period we plot four characteristic equation-of-state parameters w: the lower
limit wreh = −1/3, matter domination wreh = 0, radiation domination wreh = 1/3 and the
upper limit wreh = 1.
The link between primordial and standard Big Bang evolution becomes particularly
important in the case of the Universe having non-zero curvature, since the latter informs us
about the overall scale of the Universe, as established in sections 5.6.1 and 5.7. This dependence
on the curvature density parameter ΩK,0 is illustrated in fig. 5.10 showing the comoving Hubble
horizon (upper panel). Different from fig. 5.2, in fig. 5.10 we fix both start Ni and end Nend of
inflation while allowing today’s curvature density parameter ΩK,0 to vary. Consequently we
can no longer show the evolution of the comoving Hubble horizon a0/(aH) and the curvature
density parameter ΩK in one plot, since today’s curvature density parameter ΩK,0 serves as
calibrator for today’s scale factor a0 which in turn calibrates the comoving Hubble horizon. We
therefore also plot an uncalibrated version (aH)−1, where the primordial evolution collapses
onto a single line, whereas the standard Big Bang evolution shifts vertically with ΩK,0.
We parametrise the epoch of reheating through an effective equation-of-state parame-
ter wreh, a duration ∆Nreh and an energy scale ρreh where thermalisation is guaranteed to have
occurred (see also [162] for more details on this reheating parametrisation). Note first that wreh
is an effective parameter. During the inflaton’s oscillations around a potential minimum
at the end of inflation, the equation-of-state parameter also oscillates rapidly between ±1.
For the effective equation-of-state parameter we consider the time-averaged value. For a
monomial potential with exponent p this gives wreh = (p − 2)/(p + 2), e.g. we have wreh = 0
for a quadratic and wreh = 1/3 for a quartic potential. Since reheating is by definition a
post-inflationary epoch, we at the very least expect that on average wreh > −1/3 (otherwise
we would have more inflation, cf. eq. (5.22)). Additionally, the equation of state is typically
capped at wreh < 1 to avoid a super-luminal sound speed [208]. Together this leads to our
first reheating constraint:
−13 < wreh < 1. (5.40)
Second, we note that there is little information on the energy scale of thermalisation ρth. Hence,
we also view the energy scale ρreh as an effective parameter by which thermalisation must
have happened, but not necessarily equal to ρth. Thus, the case ρth > ρreh will effectively be
reflected in the equation-of-state parameter wreh incorporating part of the radiation dominated
epoch and thereby tending towards w = 1/3. In order for reheating not to affect any confirmed
observations of the standard Big Bang cosmology, we require at the very least that the epoch



















k∗ = 0.05 Mpc−1




0 20 40 60 80 100 120 140














wreh ∈ [ 13 , 1]
wreh ∈ [0, 13 ]
wreh ∈ [− 13 , 0]
Figure 5.10 The top panel shows the comoving Hubble horizon before, during and after inflation.
Different from fig. 5.6, here, we vary today’s curvature density parameter ΩK,0 which governs the
calibration between primordial and today’s scales. Therefore we cannot simultaneously draw a y-axis
for the evolution of the curvature density parameter anymore. The axis would be different for every
ΩK,0. If we forego the linking to today’s scales, we can actually map the curves during inflation onto
one another as done in the lower panel, which allows for a better visualisation of the reheating period
after inflation and before the standard Big Bang evolution (radiation, matter and Λ domination). The
shaded regions span the range of allowed values for the effective equation-of-state parameter wreh
during reheating. The duration of reheating ∆Nreh is bounded at least by the requirement that
reheating should have finished before Big Bang nucleosynthesis (BBN) happens. Taking a stricter view,
one might require that reheating has ended by the time Nρ9, when the energy density has dropped to
ρ
1/4
reh = 109 GeV (see also fig. 5.1 for a sketch on the evolution of the energy density in parallel to the
comoving Hubble horizon).
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of reheating must have happened before Big Bang nucleosynthesis (BBN):






where a0 is inferred from the present-day curvature density parameter (see section 5.6.1) and
where we use zBBN = 109 as a rough estimate of the epoch of BBN.
The pink shaded regions in fig. 5.10 subdivide the range for wreh from eq. (5.40), with
the dividing lines given by wreh = 0 corresponding to a matter dominated epoch of reheating
and wreh = 1/3 corresponding to a radiation dominated epoch of reheating. Requiring matter
domination exactly, i.e. fixing wreh = 0, is an often used model for reheating, because most
single-field inflationary potentials can be approximated by the quadratic potential close to
their minimum, and thus predict wreh = 0. The duration of reheating ∆Nreh (or equivalently
the energy scale of reheating ρreh) is still a free parameter in this case. Radiation domination,
on the other hand, would seamlessly continue into the standard Big Bang evolution and
is therefore also referred to as instant reheating and often used as the most restrictive but
simplest case of reheating, since it leads to ∆Nreh = 0 and ρreh = Vend = V (ϕend).
From the marginal variation of the standard Big Bang evolution owing to curvature, we
can already deduce that the latter will barely affect the equation of state of reheating. Much
more important is the role of the total amount of inflation Ntot, which determines whether
inflation ends before or after the primordial curve crosses the radiation domination line in
fig. 5.10. The crucial role curvature plays in this scenario is through the linking of scales
between primordial and standard Big Bang evolution.
In the very permissive scenario outlined by eqs. (5.40) and (5.41) linking primordial and
late-time evolution will practically always be possible if inflation ends early, before crossing
the radiation domination line. Otherwise an equation-of-state parameter wreh > 1/3 will
be required to catch up in time with the standard Big Bang evolution. In more restrictive
settings such an equation-of-state parameter is typically excluded at the prior level [131, 148,
173], which we will explore further in section 5.13.2.
5.10 The primordial power spectrum (PPS)
5.10.1 Power-law PPS
In the base ΛCDM cosmological model the primordial power spectrum of scalar curvature
perturbations R is phenomenologically described via two of its six free parameters in form of







where the power amplitude As and the spectral index ns ≡ 1 + d ln PR(k∗)/d ln k are the free
parameters with the subscript “s” referring to scalar perturbations and where k∗ is a pivot
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scale in the window of observable wavenumbers k. We choose to work with the commonly
used pivot scale of k∗ = 0.05 Mpc−1. Note that we are using the primordial power spectrum
in its dimensionless form.
One of the prime successes of large-field inflation so far is the prediction of a spectral
index ns slightly smaller than unity, where unity would correspond to a scale-invariant power
spectrum. This deviation from scale-invariance has been confirmed by the measurements of
the Planck satellite to high precision [33–35].
Another major prediction of inflation is the presence of primordial gravitational waves,
typically parametrised by a (non-zero) tensor-to-scalar ratio r = At/As. The PPS for
gravitational waves is defined analogously to eq. (5.42) but the tensor spectral index nt is







For the tensor-to-scalar ratio r and the tensor spectral index nt we assume the inflation





2 − r8 − ns
)
. (5.44)
Besides the tensor-to-scalar ratio, another common extension to eq. (5.42) is an expansion
to higher orders in d ln k, introducing the running of the spectral index
nrun =
dns
d ln k =
d2 ln PR(k∗)
d ln k2 . (5.45)
In section 5.11 we introduce various large-field inflation models and their predictions for
the spectral index ns, its running nrun and the tensor-to-scalar ratio r.
5.10.2 The slow-roll approximate PPS
Using just the background quantities a, H, and ϕ̇ from the solution to the background
eqs. (5.14) to (5.16) we can compute a slow-roll (SR) approximation to the primordial power








where the subscript expresses that the quantities need to be evaluated where each mode
crosses the comoving Hubble horizon, i.e. where k = aH. This approximation is accurate on
sufficiently small scales (large k), where the PPS takes the form of an almost scale-invariant
power-law, which motivates the phenomenological power-law spectrum from eq. (5.42).
In models of finite inflation this approximation breaks down on large scales (small k), where
the modes have not started out from sufficiently well within the comoving Hubble horizon,
and where the primordial power spectrum then exhibits a cutoff towards large scales. This
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cutoff behaviour can already be observed qualitatively in the approximate PPS, however to
properly quantify this cutoff, we need to perform a full numerical integration of the primordial
perturbations.
Figure 5.13 shows the approximate PPS and its dependence on various input parameters,
which will be discussed in section 5.12 in more detail.
5.10.3 The full numerical PPS
In order to solve the PPS numerically, we need to integrate the Mukhanov–Sasaki equation
for the curvature perturbation Rk, which can be written as a damped harmonic oscillator
with respect to cosmic time (adapted from [193]):
0 = R̈k + 2γṘk + ω2Rk, (5.47)
with damping 2γ = (3 + ξ) H, (5.48)





(1 + ξ) , (5.49)
















= −3 − V
′(ϕ)
Hϕ̇
, ΩK = −
K
(aH)2 .
For the wavenumber k we use the following effective expression in curved spaces:
κ2 = k2 + kK(K + 1) − 3K, (5.50)
with
k ∈ R, k > 0 if K = 0, −1,k ∈ Z, k > 2 if K = +1.
We get the expression for the effective wavenumber κ from Fourier transforming the ∇i∇i op-
erator in curved space [193]. Note how the wavenumber becomes discrete with k > 2 for
positively curved (closed) universes.
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In the small-scale limit k → ∞ or in the absence of curvature K = 0 we recover the better
known terms from the flat universe case (compare e.g. with equation 16.45 in [60]):








+ 3H + 2ϕ̈
ϕ̇
. (5.53)
For tensor modes, the modification of the Mukhanov–Sasaki equation from the flat case to
curvature is much simpler. The equivalent form of eq. (5.47) for tensor modes is







h = 0, (5.54)
which again reduces as expected to eqs. (5.51) and (5.52) in the limit of small scales.
Using oscode’s [195] efficient algorithm for oscillatory ordinary differential equations, we
can integrate eqs. (5.47) and (5.54) for each mode k from the start of inflation until well past
horizon crossing for that given mode, where the frozen values of the primordial perturbations










where the factor 2 in the tensor spectrum comes from the two possible polarisation states of
gravitational waves.
We initialise Rk and hk in their vacuum state defined as the state which minimises energy




















We prefer these initial conditions over similar formulations such as the commonly used Bunch
Davies vacuum [211], because their predictions are stable across different choices of dependent
or independent variables, i.e. they are invariant under canonical transformations [212].














Figure 5.11 Schematic view of various inflationary potentials that we investigate. If necessary,
potentials are shifted such that the potential minimum and hence the end stage after inflation lies
at the origin at ϕ = 0. Potentials with a local maximum are defined such that that maximum lies
at the potential parameter ϕ0 to the right of the origin. The potentials were plotted with the same
potential amplitude Λ, except for the quartic, quadratic and linear potentials which were rescaled for
visualisation purposes such that they meet the other potentials in the point V (ϕ0). In this form, the
linear potential illustrates the categorisation into convex and concave potentials, which is frequently
used in ns-r plots, e.g. in fig. 5.12.
5.11 Inflationary potentials and slow-roll predictions
In this section we briefly review a few scalar single-field inflation models. Figure 5.11 shows
a schematic view of the various inflationary potentials used in this paper. To ease the
computation of the inflation models and their comparison with one another, we try to unify
the notation by rewriting traditional formulations as follows. They will share a potential
amplitude parameter Λ (not to be confused with the cosmological constant Λ) in units of the
reduced Planck mass, [Λ] = mp. The potential minimum V = 0 will be located at the origin
ϕ = 0 and any potential local maximum (for the natural, hilltop and double-well potentials)
will be located at a parameter ϕ0. The amplitude parameter, common to all inflationary
potential, is linked directly to the power amplitude As of scalar primordial perturbations.
Note that we only consider large-field inflation in this paper, i.e. models where the field
excursion of the inflaton takes values greater than the Planck scale. Small-field inflation predicts
a tensor-to-scalar ratio so small that it will remain unobservable for the near future [213].
Figure 5.12 illustrates the slow-roll (SR) predictions for the tensor-to-scalar ratio r, the
spectral index ns and its running nrun = dns/d log k. Due to the wide dynamic range
predicted for the tensor-to-scalar ratio, we show r scaled both linearly in the upper left and
logarithmically in the lower left plot. In the Planck inflation papers [131, 148, 173] a linear
scaling in r was preferred, however with upcoming CMB experiments such as the Simons
Observatory [45], the LiteBIRD satellite [46] or CMB-S4 [47] pushing to a tensor-to-scalar
ratio of about r ∼ 10−3, a logarithmic scaling of r allows for better visualisation and sampling
of the smaller scales. For a recent discussion on uniform versus logarithmic priors on r and
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their effects on Bayesian model comparison see chapter 2. The slow-roll predictions for the
running of the spectral index from all inflation models considered here, on the other hand, only
span a small fraction of the posterior distribution, which can be seen in the upper right plot
of fig. 5.12. For a better comparison of the predictions of the individual models we zoom in
on the nrun-range in the lower right plot. This highlights how the uncertainty of the running
of the spectral index is far too large for the purpose of distinguishing between these inflation
models.
Note that the Planck and Planck+BK15 contours in fig. 5.12 come from an extension of
the base ΛCDM cosmology not only with the tensor-to-scalar ratio and the running of the
spectral index, but also with the spatial curvature parameter ΩK,0. As such, the contours
differ from those in the Planck inflation papers [131, 148, 173] and in the BK15 paper [71],
which we elaborate on in our results in section 5.13.1. Note further that we only look at the
SR predictions in this section, comparing them to the ns-r and ns-nrun contours. The results
from our nested sampling analysis follow later in section 5.13.2.
5.11.1 Monomial potential
The monomial potentials∗ are one of the simplest classes of inflationary potentials, given by:
















− p4 , (5.61)
showing that the number of e-folds of inflation grow quadratically with the inflaton field
value for monomial potentials. This scaling carries through to the spectral index, to the
tensor-to-scalar ratio and to the running of the spectral index, where we get to leading order
in 1/N∗:
ns ≃ 1 −
2 + p
2N∗
, r ≃ 4p
N∗




∗Inflation models with a monomial potential are also referred to as large-field inflation (e.g. in the
encyclopædia inflationaris [175]), however, since large-field displacements are not unique to the monomial
potential, we prefer naming the inflation models after their potential shapes, here. Yet another name often
associated with the monomial potential is chaotic inflation [214], but similarly chaotic inflation at its core
actually pertains to the idea that the inflaton started from a chaotic initial state varying wildly from one place
to another, rather than describing a specific potential model. See [215] for a helpful discussion of terminology.
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Figure 5.12 Comparison of slow-roll inflation model predictions for the spectral index ns against the
tensor-to-scalar ratio r on the left and the running of the spectral index nrun on the right. The top
left plot is linear and the bottom left plot logarithmic in r. The top right plot shows the full joint
contour for ns and nrun and the bottom right plot a zoom-in into the region relevant for the inflationary
potentials. Note that for all these plots the curvature density parameter ΩK,0 is one of the sampling
parameters. For each inflation model we show the line(s) delimited by the requirement of producing 50
to 60 e-folds of observable inflation N∗, which is the rough range needed for viable reheating scenarios.
In blue we show the slow-roll predictions for the monomial potentials from eq. (5.59) and in red that
of Starobinsky (or R2) inflation from eq. (5.68). For the other inflation models we show a range of
predictions for a range of values of the potential hill parameter ϕ0, spaced logarithmically. We show
natural inflation from eq. (5.65) in orange, quartic hilltop inflation from eq. (5.67) in purple and both
quadratic and quartic double-well potentials from eq. (5.66) in light and dark green respectively.
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In fig. 5.12 we show in blue the slow-roll predictions for the quartic, cubic, quadratic and
linear monomial as well as for the monomial with p = 2/3.
Quartic and cubic potentials: Similarly to the flat case in the Planck inflation papers,
the predictions for quartic and cubic inflation in light blue lie far outside the 95 % contours
from the ΛCDM extensions in grey.
Quadratic potential: The quadratic potential with p = 2 has long been used as the
simplest realisation of single-field inflation. It is often given in the following (slightly different)
form with an additional pre-factor of one half:
V (ϕ) = 12m
2ϕ2, (5.63)
where m is referred to as the inflaton mass, which can be related to the potential amplitude Λ
in eq. (5.59) directly. Although allowing for spatial curvature to vary in fig. 5.12, which
significantly stretches the Planck contours to larger r, this stretching coincides with a shift to
larger ns such that the prediction for quadratic inflation ends up just outside the 95 % Planck
contours, just like in the flat case [173]. With the addition of BK15 data, the SR prediction
lies far outside the contour irrespective of any curvature effects.
Linear and p = 2/3 potential: These two potentials are motivated by axion mon-
odromy [216, 217] and agree better with the Planck and Planck+BK15 contours. Both
in fact profit from the shift to a larger spectral index that comes with varying curvature.
5.11.2 Natural potential
Natural inflation is motivated by particle physics considerations [218] to naturally accommodate
the very flat potentials required for inflation. It is given by the periodic potential




where f corresponds to the global symmetry-breaking scale and governs the slope of the
potential.
We can rewrite the potential such that the local maximum lies at ϕ0 = πf and is given by
the potential amplitude V (ϕ0) = Λ4. From this unstable maximum the inflaton rolls down to
the minimum at the origin ϕ = 0 (see also fig. 5.11):
V (ϕ) = Λ
4
2
1 − cos(π ϕ
ϕ0
) . (5.65)
In order to produce sufficient e-folds of (large-field) inflation, we require a potential hill
parameter ϕ0 ≳ 10 mp (or correspondingly for f). In the limit of very large ϕ0 ≳ 100 mp, the
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spectral index and tensor-to-scalar ratio of the natural potential tend to those of the quadratic
potential.
While natural inflation still overlaps with the Planck contours in a flat universe [173],
because of its ability to accommodate a smaller tensor-to-scalar ratio, it only touches the
95 % contours in the curved case due to the shift in the spectral index.
5.11.3 Double-Well potential
Similarly to the natural potential, we define the double-well potential such that the local
maximum lies at ϕ0 with the maximum potential value given by the potential amplitude
V (ϕ0) = Λ4 (see also fig. 5.11):
V (ϕ) = Λ4
1 − (ϕ − ϕ0
ϕ0
)p2 . (5.66)
where p can in principle take any positive value. We will consider the quadratic (p = 2) and
quartic (p = 4) double-well in particular.
Double-well potentials are typically associated with small-field inflation. However, inflation
with large field displacements ϕ0 > mp is also possible. In that case the spectral index and
tensor-to-scalar ratio tend to that of the quadratic potential for very large ϕ0 ≳ 100 mp,
similarly to natural inflation and irrespective of the parameter p. For smaller values of
the potential hill parameter ϕ0 ≳ 10 mp, both the spectral index and tensor-to-scalar ratio
decrease. The SR predictions for the quadratic double-well are very close to those of the
natural potential, which is to be expected considering their similar shapes (cf. fig. 5.11). The
quartic double-well with its flatter hill leads to a faster drop in r, and therefore a greater
overlap with the Planck and Planck+BK15 contours.
5.11.4 Hilltop potential
Closely related to double-well potentials, hilltop potentials are given by:
V (ϕ) = Λ4
1 − (ϕ − ϕ0
ϕ0
)p
+ . . .
 , (5.67)
in which only the first order in ϕp is retained and higher order terms (indicated by the ellipsis)
are neglected, since the latter only become relevant towards the end of inflation. For small
values of the potential hill parameter ϕ0 the SR predictions are close to those of the double-well
potential, but for larger values the spectral index, running, and tensor-to-scalar ratio will
tend towards those of the linear potential (monomial with p = 1) instead of the quadratic
potential, since that is what the eq. (5.67) approximates to close to V (ϕ) = 0. However, this
asymptotic behaviour would have to be different if the higher order terms were present, which
are required to ensure the positiveness of the potential. We therefore prefer to work with the
double-well potential for the scope of this paper. The asymptotic behaviour does, however,
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mean that the SR predictions agree better with the Planck and Planck+BK15 contours than
those of the double-well potentials.
5.11.5 Starobinsky potential
The Starobinsky potential, given in the Einstein frame by










was the first proposed inflationary potential and motivated by an extension of the Einstein–
Hilbert action with a term quadratic in the Ricci tensor [136, 148]. Therefore this model of
inflation is frequently also referred to as R2 inflation.
It can be shown that inflation generated by the Higgs field of the (particle physics)
standard model can be reduced to the potential from eq. (5.68) in the Einstein frame, where
all parameters connected to the Higgs boson are included in the amplitude parameter Λ [175].
This motivates yet another name for this type of potential: Higgs inflation.
Due to the shift in spectral index from varying curvature, the SR predictions for the
Starobinsky potential no longer lie as spot-on in the centre of the 68 % contour lines as in the
flat case. Nevertheless, they remain in excellent agreement with the Planck and Planck+BK15
contours.
5.12 Choice of parametrisation
Table 5.1 lists the sampling parameters used in our Bayesian analysis together with their prior
range and fiducial values which they are fixed to for visualisation purposes in some figures,
such as the figs. 5.13 and 5.14.
For the base ΛCDM model, we use the usual six sampling parameters also used in [33]:
• ωb = h2Ωb: Baryon density today
• ωc = h2Ωc: Cold dark matter density today
• 100 θs: Angular size of sound horizon at last scattering





: Scalar power spectrum amplitude
• ns: Scalar spectral index
Additionally we consider the following parameter extensions to the base ΛCDM model:
• r: Tensor-to-scalar power ratio
• ΩK,0: Spatial curvature parameter today
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Table 5.1 Overview of the cosmological parameters with their fiducial values used for visualisation
purposes (e.g. in figs. 5.13 and 5.14) and their prior ranges used in our Bayesian analysis. We list
the six base parameters of the ΛCDM cosmology in the first block, the ΛCDM extension parameters
in the second block, and primordial parameters pertaining to a full inflationary analysis in the third
block. Note that the prior range and the fiducial values for the inflaton field ϕi is dependent on the
choice of the inflationary potential. We explore the result of different constraints on this parameter in
section 5.13.2.
Parameter fiducial value Prior range Definition
ωb = h2Ωb 0.022632 0.019 < ωb < 0.025 Baryon density today
ωc = h2Ωc 0.11792 0.025 < ωc < 0.471 Cold dark matter density today
θs 0.01041338 1.03 < 100 θs < 1.05 Angular size of sound horizon at last scattering
τreio 0.0495 0.01 < τreio < 0.40 Optical depth to reionization




< 3.7 Amplitude of the scalar power spectrum
ns 0.97235 0.885 < ns < 1.040 Scalar spectral index
r
0 < r < 1
Tensor-to-scalar power ratio
−5 < log10 r < 0
ΩK,0 −0.01 −0.15 < ΩK,0 < 0.15 Curvature density today




5 −1 < log10 fi < 5 Fraction of primordial to present-day curvature
All primordial parameters {As, ns, r} are taken at the pivot scale of k∗ = 0.05 Mpc−1.
The primordial parameters As and ns refer to the simplified power-law spectrum from
eq. (5.42). When we derive the primordial power spectrum from an inflationary potential
as outlined in the previous sections sections 5.10.1 and 5.10.2, these parameters and also r
turn into derived parameters. In addition to the base parameters ωb, ωc, θs, τreio and As, as
well as the spatial curvature parameter ΩK,0, we sample over the following parameters in our
analysis of individual inflationary potentials:
• log10 ϕi: Inflaton field value at the start of inflation.
• log10 fi ≡ log10
ΩK,i
ΩK,0 :
Fraction of primordial to present-day curvature.
Instead of the power amplitude As, we could have used the amplitude parameter for the
inflationary potential Λ. The two are directly related to one another, since the background
eqs. (5.14) to (5.16) are invariant under a simultaneous rescaling of the time coordinate and
the inflaton potential:
t 7→ σ−1t
V (ϕ) 7→ σ2V (ϕ)
⇒ PR(k) 7→ σ2PR(k).
(5.69)
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However, we prefer sampling over As, as it allows for a more direct comparison with the
base ΛCDM model and its extensions. Also, as opposed to Λ, the power amplitude As is not
correlated with the other primordial parameters that affect the comoving Hubble horizon or
the e-folds of inflation. This becomes very clear in the top row of fig. 5.13 showing the variation
of the comoving Hubble horizon with respect to the logarithm of As on the left, and that of
the primordial power spectrum (PPS) on the right. While As governs the amplitude of the
PPS by definition, it leaves the comoving Hubble horizon invariant. In inflation models such
as natural or double-well inflation, with a local maximum separated from the global minimum
by ϕ0, the potential amplitude Λ is also strongly correlated with ϕ0, and sampling As instead
of Λ avoids having to navigate that degeneracy.
Similarly, we choose to use the present-day spatial curvature parameter ΩK,0 for a better
comparison with the ΩK,0-extension of ΛCDM. Alternatively, one could use reheating parame-
ters to track the evolution of energy densities in the universe and infer the present-day scale
factor a0 and curvature density. We defer exploring this option to future work.
There is considerable freedom in the choice between the primordial parameters at the start
of inflation, i.e. parameters related to the inflaton field ϕi, the e-folds Ni, or the primordial
curvature ΩK,i, which are all linked via eqs. (5.29) and (5.30). Other parameters that are
connected to these are e.g. the total number of e-folds of inflation Ntot or the e-folds of
inflation before (N†) and after (N∗) horizon crossing of the pivot scale.
The fraction fi of primordial curvature is a useful sampling parameter for two reasons:
firstly, due to it governing the ratio of conformal time passing before and after the end of
inflation which we explored in the previous section 5.8 (see especially fig. 5.8c), and secondly
because of its major role in governing the cutoff position in the primordial power spectrum,
which we explore in more detail in the following. Figures 5.13 and 5.14 show the effect of
our sampling parameters on the comoving Hubble horizon (left column of fig. 5.13), on the
slow-roll approximation of the primordial power spectrum (right column of fig. 5.13), on the
fully numerically integrated primordial power spectrum (left column in fig. 5.14) and on the
CMB power spectrum (right column in fig. 5.14).
We already mentioned the straightforward effect of varying the power amplitude (top row)
on the PPS and the CMB power spectrum, and that the comoving Hubble horizon and the
e-folds of inflation are unaffected by the power amplitude.
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As = 2× 10−9,
φi = 6 mp,
ΩK,0 = −0.01,
fi varied
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Figure 5.13 Parameter dependence of the comoving Hubble horizon in the left column and of the slow-roll
approximation of the primordial power spectrum (PPS) in the right column on the sampling parameters
for our Bayesian analysis: power amplitude As, inflaton field value at the start of inflation ϕi, fraction of
primordial to present-day curvature fi and present-day curvature density ΩK,0, where one parameter is
varied in each row, while the others stay fixed. The upper and heavier lines in the PPS plots correspond to
scalar, the lower and thinner lines to tensor perturbations. We used the Starobinsky potential to generate
these plots, explaining the fairly big gap between scalar and tensor modes. The corresponding plots for the
fully numerically integrated PPS and for the CMB power spectrum are shown in fig. 5.14.
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Figure 5.14 Parameter dependence of the numerically integrated primordial power spectrum (PPS) in
the left column and of the CMB power spectrum in the right column on the sampling parameters for our
Bayesian analysis: power amplitude As, inflaton field value at the start of inflation ϕi, fraction of primordial
to present-day curvature fi and present-day curvature density ΩK,0, where one parameter is varied in each
row, while the others stay fixed. The upper and heavier lines in the PPS plots correspond to scalar, the
lower and thinner lines to tensor perturbations. We used the Starobinsky potential to generate these plots,
explaining the fairly big gap between scalar and tensor modes. The corresponding plots for the comoving
Hubble horizon and for the slow-roll approximation of the PPS are shown in fig. 5.13. For computational
simplicity of the CMB spectra, we fix (alongside ωb, ωcdm, τreio) the Hubble parameter h = 0.5409 instead
of the angular size θs of the sound horizon at last scattering.
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The second row of figs. 5.13 and 5.14 shows the variation of the comoving Hubble horizon,
PPS, and CMB power spectrum with respect to the initial inflaton field value ϕi at the start
of inflation. Looking at the variation of the comoving Hubble horizon, one can observe how
ϕi is closely linked to the number of e-folds during inflation, e.g. the total number of e-folds
of inflation Ntot or the observable number of e-folds N∗ from horizon crossing of the pivot
scale k∗ = 0.05 Mpc−1 until the end of inflation. Hence, we could have used one of those as a
sampling parameter instead of ϕi, which would have had the advantage that the number of
e-folds are more independent of the choice of inflationary model, and that they are directly
related to spectral index ns and tensor-to-scalar ratio r. The initial inflaton field value is
correlated with ns and r as well, but fig. 5.15 shows how fixing the total number of e-folds
actually also fixes spectral index and tensor-to-scalar ratio, whereas both still vary slightly
with fi and ΩK,0 when only fixing ϕi. In other words, fixing the number of e-folds decorrelates
the spectral index and the tensor-to-scalar ratio from the other sampling parameters. However,
from a computational perspective it is much more stable and faster to work with ϕi, since
both Ntot and N∗ would require an additional optimisation loop, which may not be guaranteed
to be solvable for non-trivial parameter combinations. Besides, using ϕi allows us to compare
the various inflation models on grounds of how much inflation they predict in the first place,
and how this holds up when we apply constraints from reheating, which we will explore further
in section 5.13.2.
In the third row of figs. 5.13 and 5.14, the comoving Hubble horizon, PPS, and CMB
power spectrum are varied with respect to the fraction fi. For a fixed present-day curvature
density this is equivalent to a variation of the primordial curvature density ΩK,i and thus
also to a variation of the initial size of the comoving Hubble horizon at the start of inflation.
This variation with respect to fi is also shown in fig. 5.15 with a fixed amount of inflation.
Since fixing Ntot decorrelates fi from the spectral index and the tensor to scalar ratio, this
isolates the effect of fi on the large-scale (small k) cutoff position and the shape of the PPS,
independent of slopes or amplitudes. Figure 5.15 contrasts this behaviour for closed (in
blue) and open (in green) universes, in which fi affects the shape differently. In both cases
increasing fi initially (i.e. for small fi) shifts the PPS cutoff to larger scales, out of the CMB
observable window. However, once ΩK,i gets close to or exceeds unity, this shift is replaced by
a suppression of perturbation modes in the closed case and an amplification in the open case,
for large scales just about smaller than the PPS cutoff. Note how looking at the slow-roll
approximation of the PPS only may be misleading when trying to gauge the effect of fi
on the PPS. The shift of the cutoff to larger scales is similar in both the approximate and
full numerical PPS as long as the curvature density is comparably small. However, once
primordial curvature plays a significant role, the approximate PPS stops changing. The
secondary, geometry-dependent effects on large scales are only visible in the fully numerically
integrated PPS. This is not surprising considering that the slow-roll approximation is only
valid for modes that were well within the comoving Hubble horizon at the start of inflation.
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Figure 5.15 Similar to figs. 5.13 and 5.14 we show the parameter dependence of the comoving Hubble horizon,
the slow-roll approximation of the primordial power spectrum (PPS), the fully numerically integrated PPS
and the CMB power spectrum on the fraction of primordial to present-day curvature fi ≡ ΩK,i/ΩK,0. Instead
of fixing the initial inflaton field value ϕi, in this case we fix the total number of e-folds of inflation Ntot.
These are directly linked to the spectral index ns and the tensor-to-scalar ratio r, which therefore are fixed
here as well. In the upper two rows in blue the present-day curvature was fixed to ΩK,0 = −0.01, in the
lower two rows in green to ΩK,0 = +0.01, thus showing the effects of a closed and open universe respectively.
We used the Starobinsky potential to generate these plots, explaining the fairly big gap between scalar and
tensor modes. The upper and heavier lines in the PPS plots correspond to scalar, the lower and thinner
lines to tensor perturbations. For computational simplicity of the CMB spectra, we fix (alongside ωb, ωcdm,
τreio) the Hubble parameter h = 0.5409 instead of the angular size θs of the sound horizon at last scattering.
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The different shapes of the PPS for closed and open universes can be seen more directly in
the last row of figs. 5.13 and 5.14, where the present-day curvature density is varied, showing
the transition from large-scale power suppression for closed universes to amplification for
open universes. The ability of positive curvature to suppress large-scale power is particularly
interesting in light of the lack of power on large scales found in full-sky CMB data (see [182]
for an early discussion on this). The horizontal shift of the CMB power spectrum with ΩK,0
is not to be attributed to the PPS but to a curvature effect already present in the ΛCDM
model (an effect on the transfer function, not the PPS).
The cutoff and oscillations in the PPS towards large scales (small k) are features of a
kinetically dominated or fast-roll stage prior to inflation, already known and studied for flat
universes [II & chapter 4, 130]. However, in flat universes these features can easily be pushed
outside the observable window by large amounts of inflation, which is no longer the case with
non-zero spatial curvature.
5.13 Nested sampling results
In this section we present the results from our Bayesian analysis using nested sampling.
We start by investigating one- and two-parameter extensions to the base ΛCDM model in
section 5.13.1. In section 5.13.2 we then change the phenomenological description of the
primordial power spectrum from the ΛCDM model to that of specific inflationary models with
a full numerical integration of the mode eqs. (5.47) and (5.54).
5.13.1 Nested sampling results: ΛCDM extensions
Since this paper focuses on cosmic inflation in curved universes, one obvious extension of
the base ΛCDM model to investigate is an extension with the present-day curvature density
parameter ΩK,0. Cosmic inflation governs the primordial Universe. Therefore we additionally
look at extensions with primordial parameters. Possible parameter extensions to the base
ΛCDM model include the running of the spectral index nrun and the tensor-to-scalar ratio r.
In the following sections we focus on the tensor-to-scalar ratio r, which is more strongly
constrained by current datasets than the running nrun. Hence, in what follows we present the
results of a Bayesian analysis of the ΛCDM model extended by r and ΩK,0, both independently
and jointly.
Posteriors of ΛCDM extensions
In fig. 5.16 we show the one-dimensional and the pairwise joint two-dimensional posterior
distributions for the present-day curvature density parameter ΩK,0, the spectral index ns and
the tensor-to-scalar ratio r. We present the results using both Planck 2018 TT, TE, EE+lowE
data only, and using the data from the BICEP and Keck Array in addition.
Because of the importance of the degree of compression from prior to posterior distribution
for model comparison, we also include the prior distributions in grey in fig. 5.16, which
are the same for all models. For visualisation purposes we illustrate the two-dimensional


























Figure 5.16 Posterior constraints on the ΛCDM extension parameters, the tensor-to-scalar ratio r
and the curvature density parameter ΩK,0. We also include the spectral index ns, since the ns-r plot
is typically the main plot of interest when investigating inflation models. The dotted line splits the
ns-r plot into the regions of convex or concave inflationary potentials. The lighter hue corresponds
to using Planck 2018 TT, TE, EE + lowE data only [62], whereas the darker hue corresponds to
additionally using data from the BICEP and Keck Array [71]. The grey lines and dots illustrate the
prior distributions.
prior distribution in form of scatter points, as contours are better suited for constrained
distributions. Note that while in principle all three parameters are sampled uniformly across
their prior range, some parameter combinations need to be excluded at the prior level in order
to compute a viable cosmological model, e.g. parameter combinations with large dark energy
density ΩΛ and small matter density Ωm leading to universes that had no Big Bang in the
first place. This leads to effectively non-uniform priors, the non-uniformity being somewhat
visible for the spectral index ns and very clear for the curvature density parameter ΩK,0 with
a clear prior preference of flat universes.
CMB results for the one-parameter extensions have been investigated thoroughly in
previous analyses [33, 71], giving a mostly closed universe for the ΩK,0 extension and an upper
bound on the tensor-to-scalar ratio for the r-extension. Joint analyses of r and ΩK,0 have
been briefly discussed in [131, 148, 173]. While the curvature parameter is little affected by
the tensor-to-scalar ratio, the inverse is not true. The uncertainty on the tensor-to-scalar ratio
























95 % upper bound
































Figure 5.17 CMB power spectra of the temperature (TT ) and polarisation (EE in the middle and
BB on the right) anisotropies for different parameter values of the curvature density parameter ΩK,0
and the tensor-to-scalar ratio r. The lighter hue corresponds to a flat universe, whereas the darker hue
assumes a closed universe with ΩK,0 = −0.1. The bottom plots show the relative difference, where
we use the spectrum with ΩK,0 = 0 and r = 10−3 as reference in the denominator. Note that we are
using the unlensed spectra for visualisation of the effects of the tensor-to-scalar ratio, here. The black
line in the B-mode power spectrum on the right is the contribution of lensed E-modes to the B-mode
spectrum for ΩK,0 = 0, r = 0.
increases considerably when allowing non-zero curvature with Planck data. This difference
vanishes when BK15 data is taken into consideration, though, giving essentially the same
distribution on r as without curvature. However, the shift in the spectral index ns from
curvature is retained when allowing for a non-zero tensor-to-scalar ratio. This is important
for inflation models and reheating bounds, as will be explored in the later section 5.13.2.
Note that according to current data from Baryon Acoustic Oscillations (BAOs) these
constraints would be pulled towards a flat universe, e.g. combining CMB, CMB lensing and
BAO measurements leads to ΩK,0 = 0.0007 ± 0.0037, which would also undo the shift in the
spectral index. However, there has been concern over the combination of BAO with CMB
data for curved universes [27–29], which is why in the present study we restrict ourselves to
CMB data only, and leave a more involved analysis including BAOs for future work. The
same applies (albeit to a lesser extent) to CMB lensing.
At first glance it might be surprising that the posterior distribution of the tensor-to-
scalar ratio changes so significantly upon including non-zero curvature when computed from
Planck data only, but remains essentially unchanged when including BK15 data. This
phenomenon may be explained by the BK15 data offering an additional observable, the
B-mode polarisation, which is much more sensitive to changes in the tensor-to-scalar ratio
than the temperature data or the E-modes. This can be seen in fig. 5.17 which shows the CMB
temperature (TT ) and polarisation (EE and BB) power spectra respectively for combinations

























Figure 5.18 Parameter (in-)stability for extensions to the ΛCDM base model using Planck 2018
TT, TE, EE + lowE [62] data only (top four, light hue) and data from both Planck and from the
BICEP and Keck Array [71] (bottom four, dark hue). The dot represents the parameter mean and the
error bars correspond to one standard deviation (1σ). We show the results for extensions with the
tensor-to-scalar ratio r and/or the curvature density parameter ΩK,0. The vertical dotted lines serve
as visual references and are the 1σ-boundaries for the ΛCDM model from Planck data only (top line).
of r = {10−3, 10−2, 10−1} with and without curvature. While in the case of TT and EE
spectra different values of the tensor-to-scalar ratio are negligible in comparison to the effects
of curvature, this behaviour is reversed in case of the BB spectra, where r shows a significantly
stronger influence. Hence, including the B-mode data from BK15 results in essentially the
same upper bound on the tensor-to-scalar ratio regardless of whether the universe is assumed
to be curved or flat.
Nevertheless, it should be noted that the addition of BK15 data pushes the posterior
constraints slightly further away from flatness.
Figure 5.18 summarises how the six cosmological base parameters change across the various
extensions as regards their mean and standard deviation. Differences owing to the addition of
BK15 data are negligible, with the parameter constraints all lying well within one standard
deviation of one another across all models. Hence, both P18 and combined P18+BK15 exhibit
the same trends when comparing different models with one another. Extension with the
tensor-to-scalar ratio leaves the cosmological base parameters essentially invariant. Adding
curvature on the other hand shifts all these parameters by roughly one standard deviation.
The biggest shift is in the spectral index ns.
Model comparison of ΛCDM extensions
For the comparison of the ΛCDM extensions we investigate the log-evidence ln Z, Kullback-
Leibler divergence DKL, Bayesian model dimensionality d, and the posterior average of the
log-likelihood ⟨ln L⟩P = ln Z + DKL. Figure 5.19 shows these quantities for Planck 2018
TT, TE, EE + lowE data in the upper triangle plot and additionally using data from the
BICEP and Keck Array in the lower triangle plot. Note that since these different datasets
result in fundamentally different likelihood values, their absolute evidence values are not
directly comparable and are therefore plotted separately. The relative differences of the various
models, on the other hand, are comparable.
Including the tensor-to-scalar ratio (blue) is disfavoured with a log-evidence of ln Z =
−3.0 ± 0.3 which translates to betting odds of about 1 : 20 against the r-extension. This is
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Figure 5.19 Bayesian model comparison for extensions to the base ΛCDM model with the tensor-to-
scalar ratio r and/or the curvature density parameter ΩK,0. In the upper plot in a light hue we show
the results using Planck 2018 TT, TE, EE + lowE data only, whereas in the lower plot in a darker
hue we show the results when additionally including data from the BICEP and Keck Array. We show
the log-evidence ln Z, Kullback-Leibler divergence DKL (in nats), Bayesian model dimensionality d,
and the posterior average of the log-likelihood ⟨ln L⟩P = ln Z + DKL. The ∆ denotes normalisation
with respect to the base ΛCDM model without extensions (i.e. with r = 0 and ΩK,0 = 0) for easier
comparison. The probability distributions represent errors arising from the nested sampling process. In
the limit of infinite life points these distributions would become point statistics, in contrast to posterior
distributions.
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entirely driven by the Occam penalty for the additional parameter and because of the lack of
any clear B-mode signal. Sampling the tensor-to-scalar ratio logarithmically would leave log r
mostly unconstrained and therefore the Bayesian evidence essentially invariant compared to
the base ΛCDM model. Consequently the KL-divergence, which is effectively a measure of
the Occam penalty, would be much smaller, too, such that switching between uniform and
logarithmic prior corresponds roughly to moving contours along the ln Z − DKL degeneracy
line (see chapter 2).
Including the present-day curvature density parameter ΩK,0 (yellow), on the other hand,
is favoured with a log-evidence of ln Z = 2.3 ± 0.3 compared to the base ΛCDM model, which
translates to betting odds of about 10 : 1 in favour of the curvature extension. Note that this
is smaller compared to findings in [27, 28] which give odds of 50 : 1 and a log-evidence of
about 3.3 respectively. However, in those cases the upper bound on the flat prior on ΩK,0
was chosen to be 0.05 or 0, whereas we have chosen our prior symmetrically around zero as
[−0.15, 0.15]. We have tested that increasing the prior range beyond this barely affects the
evidence. This is because of theoretical constraints provided by the Boltzmann solver CLASS
that are put on the nominally uniform prior distribution. The resulting effective prior on ΩK,0
is shown in the top panel of fig. 5.16. The prior distribution quickly drops to zero beyond
these bounds, such that those regions do not contribute to the Bayesian evidence.
In a two-parameter extension with tensor modes and spatial curvature, their individual
one-parameter effects cancel and the log-evidence is essentially equal to that of the base
ΛCDM model. This only holds for the evidence, however, with the KL-divergence effectively
adding up to represent the large Occam penalty from two additional parameters.
It is worth noting how the tensor-to-scalar ratio and the curvature density have an almost
orthogonal effect on the ΛCDM model in the ln Z, DKL plane. While the tensor-to-scalar
ratio shifts the contour along the ln Z + DKL line, the curvature density shifts along the
ln Z − DKL line. The former corresponds to a shift caused mostly by an Occam factor
(quantified by ∆DKL). The latter corresponds to a shift mostly driven by a better fit, which
can be quantified by the posterior average of the log-likelihood, related to Bayesian evidence
and KL-divergence as: ln Z + DKL = ⟨ln L⟩P (cf. eq. (5.5)). Hence, this can be seen directly
in fig. 5.19 by looking at the joint contours of ∆DKL and ⟨ln L⟩P .
The third parameter in fig. 5.19, the Bayesian model dimensionality, typically comes with a
large error and is therefore not very specific in its count of the number of constrained parameters.
For Planck data only, it does show the expected ordering, with the dimensionality increasing
with additional parameters. For combined Planck and BK15 data, the dimensionality of the
ΛCDM base model is not the smallest, however, with a standard deviation of about 0.7 on
the dimensionality, it is not too concerning that a parameter difference of 1 is not properly
resolved. Especially, when one takes into account that the full number of sampling parameters
consists of 6 cosmology parameters (plus one or two for extensions), 21 Planck nuisance
parameters and another 7 nuisance parameters for BK15.
Comparing upper (only Planck) and lower (Planck+BK15) plot in fig. 5.19, we note firstly
that the addition of BK15 data only increases the log-evidence of the r-extension (blue) slightly
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to ln Z = −2.5 ± 0.3, but is still disfavoured with odds of about 1 : 12 compared to the ΛCDM
base model (grey), telling us that the BK15 data does not require a non-zero tensor-to-scalar
ratio for a sufficiently good fit. Secondly, the model comparison of ΛCDM+ΩK,0 (yellow) with
ΛCDM + r + ΩK,0 (green) (i.e. again adding tensor modes) also stays mostly unaffected by
the addition of BK15 data. Thirdly, comparisons between models with and without curvature
do change. Regardless of the tensor-to-scalar ratio, adding BK15 data increases the evidence
for models including curvature. Looking at the posterior average of the log-likelihood shows
that this is linked to a better fit of curved models. This means that the BK15 data has a
greater effect on model comparisons involving the curvature parameter ΩK,0 than involving
the tensor-to-scalar ratio r, which is curious in light of our previous discussion in section 5.13.1
of the changes to the posterior. There the role was inverted, with the BK15 data having a
greater effect on the posterior of the tensor-to-scalar ratio r than on the curvature density
parameter ΩK,0. On the other hand, the difference in posteriors is better reflected in the
KL-divergence, where the difference between models with (green) and without (blue) curvature
increases upon addition of BK15 data, reflecting the greater compression in fig. 5.16 taking
place for the curvature case when going from Planck only to Planck+BK15. In fact, the
KL-divergence for the flat r-extension stays the same between Planck and Planck+BK15.
5.13.2 Nested sampling results: Inflation models
In the following we present the results from our nested sampling runs with fully numerically
integrated primordial power spectra for the inflation models considered in section 5.11. For
results that are mostly independent of the choice of potential we only show plots from the
Starobinsky potential, representative of all potentials. Similarly, we only show results from
the combined data of Planck and BK15 for some parameters, when there are no clearly visible
differences with or without the BK15 data.
In addition to the prior bounds specified in table 5.1 and to standard constraints from
ΛCDM cosmology, we also enforce the curvature constraint for open universes from eq. (5.31),
the horizon constraint from eq. (5.37) and the reheating constraints from eqs. (5.40) and (5.41)
at the prior level.
Posteriors of primordial sampling parameters
In section 5.12 we introduced the amplitude of scalar density perturbations As, the inflaton
field value at the start of inflation ϕi, the fraction of primordial curvature fi ≡ ΩK,i/ΩK,0 and
the present day curvature density parameter ΩK,0 as our primordial sampling parameters. In
fig. 5.20 we show their prior (in grey) and posterior (in red) constraints for the Starobinsky
model from Planck and BK15 data.
The picture is very similar across all potentials considered here. The only notable difference
between inflation models is in the inflaton field parameter owing to the different scaling of
e-folds of the scale factor during inflation. The Starobinsky model with its exponential scaling
is restricted to much lower values of ϕi than most other models, whose scaling is closer to



















































Figure 5.20 Prior (in grey) and posterior (in red) distributions of the parameters used to compute
the primordial power spectrum with the Starobinsky potential. Note that all the priors shown here
are initially set as uniform priors, but deviate from uniformity owing to additional constraints from
curvature, reheating and horizon considerations.
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Figure 5.21 Prior (in grey) and posterior (in red) distributions of the primordial curvature fraction fi
and the conformal time ratio ηbefore/ηafter.
quadratic. This is primarily driven by the reheating constraints limiting the total number of
e-folds of inflation. We investigate this in more detail in section 5.13.2.
The amplitude of the scalar primordial power spectrum As is by far the best constrained
of these parameters. This comes as no surprise, considering that it is also one of the six
parameters in the base ΛCDM cosmology.
The prior distribution of the primordial curvature fraction fi is the joint result of the
curvature constraints and the horizon constraint from eq. (5.37) specifying that the conformal
time that passed before the end of inflation needs to be greater than thereafter in order to
solve the horizon problem.
The sharp drop in the prior towards low values of the primordial curvature fraction fi
is driven by the horizon constraint as expected from our analysis in section 5.8. This is
confirmed in fig. 5.21, where we show the prior (in grey) and posterior (in red) distributions
of the primordial curvature fraction fi and conformal time ratio ηbefore/ηafter. Indeed the
correlation between fi and the ratio of ηbefore/ηafter together with the cut of ηbefore > ηafter
excludes low values of fi. On the posterior level, the correlation reduces almost to a one-to-one
correspondence. The data actually prefer a conformal time ratio of about 10 to 100 and reject
smaller values such that the horizon problem is indeed solved.
Towards larger values of fi the prior is reduced owing to curvature constraints. First,
the curvature constraint for open universes from eq. (5.31) only allows comparatively small
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values of fi. The prior is reduced further for too large curvature in closed universes, as these
universes lack a Big Bang in the first place. It is useful in this context to look at the joint
distribution with the present-day curvature and also at the corresponding plots from the
conformal time analysis in fig. 5.8. This also indicates that a total elapse of conformal time
of ηtotal = π/2 from pre-inflationary Big Bang to the future conformal boundary, as proposed
in the closed universe theory discussed in [123], is consistent with the data.
The correlation between fi and the initial value for the inflaton field ϕi is needed to prevent
closed universes from collapsing, and is a direct consequence of the first Friedmann eq. (5.14).
Posteriors of derived parameters
Computing the primordial power spectrum from the inflationary background eqs. (5.14)
to (5.17) and the mode eqs. (5.47) and (5.54) of scalar and tensor perturbations turns the
phenomenological spectral index ns and tensor-to-scalar ratio r into derived parameters. These
parameters mostly depend on the observable number of e-folds of inflation N∗ from horizon
crossing of the pivot scale k∗ until the end of inflation. In a curved universe this dependence
is equivalent to a dependence on the total number of e-folds of inflation Ntot. As discussed
in section 5.9, the equation-of-state parameter of reheating wreh is also mostly driven by the
amount of inflation.
Figure 5.22 shows all these parameters for various potential models in two triangle plots,
the first using Planck data only, and the other combining Planck with BK15 data. The prior
distributions are shown in a lighter hue as histograms for the one-dimensional distributions
and as scatter plots for the pairwise joint distributions. Posterior distributions are plotted
with a darker hue. For ns and r we also show the posterior for the ΛCDM extension with
curvature ΩK,0 and with r (sampled logarithmically). We show the tensor-to-scalar ratio on a
logarithmic scale to better visualise the large difference in the inflation models’ predictions.
We show results from the quadratic potential in blue, natural potential in orange, quartic
double-well potential in green, and Starobinsky potential in red.
The two-dimensional distributions (both prior and posterior) show the degeneracy lines
between all these parameters for the various inflation models clearly. Only the models with
an extra inflationary parameter, such as natural and double-well inflation, show a slightly
greater spread, which would be more apparent on a linear scale in r.
The reheating parameter wreh,BBN was allowed to vary from −1/3 to 1, here, thereby
placing a theoretical upper limit on the spectral index and lower limit on the tensor-to-scalar
ratio. This is particularly apparent for the quadratic and natural potential and when including
BK15 data. The data prefer a lower tensor-to-scalar ratio, but the reheating prior limits how
far down the posterior contours can be pushed. Note that this is a very permissive reheating
prior. In section 5.13.2 we show the effects of different reheating priors in more detail.
The results for the quadratic and natural potential are very similar. The preferred
number of observable e-folds is roughly N∗ ≈ 60, even larger with BK15 data included.
This is somewhat larger than the more commonly quoted 50 to 60 e-folds owing to the larger
spectral index when including curvature. The effective reheating parameter wreh,BBN is centred

























































































Figure 5.22 Posterior distributions of the observable number of e-folds of inflation N∗, the equation-
of-state parameter of reheating until BBN wreh,BBN, the spectral index ns and the tensor-to-scalar
ratio r for various inflation models. We show quadratic inflation in blue, natural inflation in orange
and Starobinsky inflation in red. In green we show the contours for a power-law primordial power
spectrum. The one-dimensional histogram plots and the two-dimensional scatter plots in a lighter hue
illustrate the prior distributions of the corresponding parameters, which are non-uniform here since all
parameters are derived parameters. The visible cutoffs of both prior and posterior distribution are
driven by the (permissive) reheating constraint −1/3 < wreh,BBN < 1.
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around 1/3 for Planck data only. This agrees well with the effective nature of the parameter
tending towards 1/3 in cases where thermalisation would have happened much earlier than
Big Bang Nucleosynthesis as previously discussed in section 5.9. Both the spectral index
and tensor-to-scalar ratio are prior constrained. The models maximise their likelihood by
pushing ns to its upper and r to its lower prior bound.
It might seem surprising that the results for the natural potential are so similar to those of
the quadratic potential. One could have expected natural inflation’s ability to accommodate
for a smaller tensor-to-scalar ratio via a smaller potential hill parameter ϕ0 to pull the posterior
away from quadratic inflation, which indeed is slightly visible when including BK15 data.
However, there is a trade-off between the spectral index and the tensor-to-scalar ratio in
natural inflation. The data push simultaneously to smaller r and larger ns, whereas natural
inflation gives a smaller r only for a smaller ns.
The posterior of the Starobinsky model shows a preference for fewer observable e-folds N∗
than for the other models, despite the exponential dependence on the initial inflaton field
value ϕi. This also yields a lower effective reheating parameter wreh,BBN and spectral index ns
and can be attributed to the Starobinsky model’s generally lower tensor-to-scalar ratio r.
Where the other models push to the limit set by the reheating prior (wreh,BBN < 1) to try and
accommodate as small a tensor-to-scalar ratio as possible, the posterior for the Starobinsky
model is well within the unconstrained plateau region of the likelihood on log r, which remains
the case when including BK15 data. Hence, there is no pressure towards smaller r for the
Starobinsky model and since the BK15 data essentially only improve the sensitivity on r, the
posterior of the Starobinsky model remains unaffected.
Best-fit power spectra
In fig. 5.23 we show the best-fit primordial power spectra (PPS) that enter the computation
of the angular TT , TE, and EE auto- and cross-spectra, plotted on top of the corresponding
Planck 2018 data in figs. 5.24 to 5.26 respectively. We use the usual normalisation of the






We compare three representative best-fit PPS. Black and yellow correspond to power-law
spectra with the best-fit parameters from the base ΛCDM model and from its extension with
the curvature density parameter ΛCDM+ΩK,0 respectively. Red corresponds to the scalar
and tensor spectra that were numerically integrated using the Starobinsky potential. Except
for the amplitude of tensor modes, the power spectra from other inflationary potentials are
very similar. Hence, we only show the best-fit result for the Starobinsky model.
Comparing the ΛCDM model and its curvature extension shows that the major difference
arising from the addition of ΩK,0 is a slightly larger spectral index ns as previously shown in
figs. 5.16 and 5.18. This results in a little less power on large scales, i.e. for small wavenumber k
and multipole ℓ.
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Figure 5.23 Best-fit primordial power spectra for the power-law spectra from ΛCDM in black and its
extension with curvature ΩK,0 in yellow, and for the fully numerically integrated scalar (heavy upper
line) and tensor (thin lower line) spectra from Starobinsky inflation in red. The vertical dotted line
corresponds to the pivot scale k∗ = 0.05 Mpc−1, where power amplitude As, spectral index ns and
tensor-to-scalar ratio r are measured. The grey shaded region illustrates roughly the CMB observable
window. The corresponding CMB spectra are shown in figs. 5.24 to 5.26.
The PPS for the Starobinsky model shows the typical cutoff and oscillations towards large
scales (small k) that are associated with kinetic dominance initial conditions. With a best-fit
curvature parameter of roughly ΩK,0 ≈ −0.05, there is a further overall suppression of power
towards large scales from positive curvature (negative ΩK,0, cf. fig. 5.15).
While the oscillations visible in the PPS in fig. 5.23 do not propagate through to the CMB
spectra in figs. 5.24 to 5.26, the additional suppression of power is visible in the TT , TE
and EE spectra. This is added on top of the effect of a larger spectral index when including
positive curvature, which also effectively decreases large-scale power, although to a much
smaller degree than the curvature effect on the PPS.
Apart from these differences on large scales, all models agree on small scales, driven mainly
by the high precision on the power amplitude As and by the good agreement between a
power-law spectrum and the slow-roll predictions from inflation on small scales.
Model comparison of inflation models
As in section 5.13.1, we investigate the log-evidence ln Z, Kullback-Leibler divergence DKL,
Bayesian model dimensionality d, and the posterior average of the log-likelihood ⟨ln L⟩P =
ln Z + DKL for the various inflation models. We again show these quantities in fig. 5.27 in two
triangle plots, for Planck 2018 TT, TE, EE + lowE data in the upper plot and additionally
using data from the BICEP and Keck Array in the lower plot.
We normalise with respect to the base ΛCDM model (vertical and horizontal grey lines
marking zero). We also show the results for the ΛCDM+r+ΩK,0 model with both a uniform
and logarithmic prior on the tensor-to-scalar ratio r. Switching between these two priors
roughly indicates the extent of the Occam penalty incurred by including r (see also chapter 2
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Figure 5.24 Comparison of the best-fit angular TT power spectra to the Planck 2018 TT data. The
lower plot zooms in on the low-ℓ multipole range from the upper plot. The best-fit spectra were
computed using the corresponding primordial power spectra from fig. 5.23.
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Figure 5.25 Comparison of the best-fit angular TE power spectra to the Planck 2018 TE data. The
lower plot zooms in on the low-ℓ multipole range from the upper plot. The best-fit spectra were
computed using the corresponding primordial power spectra from fig. 5.23.
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Figure 5.26 Comparison of the best-fit angular EE power spectra to the Planck 2018 EE data. The
lower plot zooms in on the low-ℓ multipole range from the upper plot. The best-fit spectra were
computed using the corresponding primordial power spectra from fig. 5.23.
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for a more complete discussion). It should be noted, though, that because of the different
sampling parameters and their priors it is difficult to compare the very phenomenological
description of the primordial Universe as expressed by power-law parameters As, ns and r, to
the much more specific generation of the PPS from inflation models. We have tried to mitigate
this problem by using the same prior on the power amplitude As for the inflation models.
However, this cannot be done for the spectral index and the tensor-to-scalar ratio. Instead,
these become derived parameters, mostly dependent on the initial inflaton field value ϕi. The
prior bounds on log10 ϕi are naturally motivated by physical considerations. As already seen
in fig. 5.20, the priors on log10 ϕi are limited by external constraints from reheating and from
needing to solve the horizon problem. This is a feature of curved universes providing an
absolute scale for the Universe and thereby a limit on the total amount of inflation Ntot
(which is linked to ϕi), not just the observable amount of inflation N∗.
From the upper triangle plot in fig. 5.27 we see that when only taking into account the
data from Planck 2018, all inflation models considered perform similarly. This is in contrast to
known results for flat universes [II & chapter 4, 131, 148, 173, 208, 219] and is due to the looser
constraints on the tensor-to-scalar ratio when varying the present-day curvature density ΩK,0
simultaneously. Looking at the relative evidence ∆ ln Z, there is only a weak preference for
inflation models over ΛCDM, and a comparison with ΛCDM+log r+ΩK,0 indicates that this
might be only due to the CMB’s preference for including non-zero positive curvature. Indeed,
including the KL-divergence in our analysis shows that the inflation models provide a similar
fit, ⟨ln L⟩P , and Occam penalty, ∆DKL, to the tensor and curvature extension of ΛCDM.
Taking into account its large uncertainty, the Bayesian model dimensionality is very similar for
all inflation models and roughly ∆d ≈ 1 to 2 greater than for ΛCDM, reflecting the addition
of two sampling parameters.
Including data from BICEP and the Keck array changes the results significantly, as seen
in the lower triangle plot of fig. 5.27. Where the contours of the various inflation models were
bunching up at very similar evidence and KL-divergence values in the P18 only case, they
spread out in the P18+BK15 case. Quadratic and natural inflation do not manage to provide
a sufficiently small tensor amplitude (while preserving a sufficiently high scalar spectral index)
under reheating constraints, and therefore are disfavoured with Bayesian odds of about 1 : 20
compared to ΛCDM, and roughly 1 : 2000 compared to the Starobinsky model. The quartic
double-well potential fares better and is roughly on par with the ΛCDM model, which is
to be attributed to the lower tensor-to-scalar ratio. The Starobinsky model on the other
hand remains a strong competitor. The compression from prior to posterior measured by
the KL-divergence has actually decreased, while the fit has increased, resulting in a higher
log-evidence overall than even the ΛCDM+log r+ΩK,0 model. Although this is not a clear
preference when taking the uncertainty on ln Z into account, this result goes to show that the
Starobinsky model manages to accommodate all the phenomenological requirements of the
data for the PPS.
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Figure 5.27 Bayesian model comparison for various inflation models. We show quadratic inflation
in blue, natural inflation in orange, results from the quartic double-well potential in green and the
Starobinsky model in red. In the upper plot in a light hue we show the results using Planck 2018
TT, TE, EE + lowE data only, whereas in the lower plot in a darker hue we show the results when
additionally including data from the BICEP and Keck Array. We show the log-evidence ln Z, Kullback-
Leibler divergence DKL (in nats), Bayesian model dimensionality d, and the posterior average of the
log-likelihood ⟨ln L⟩P = ln Z + DKL. The ∆ denotes normalisation with respect to the base ΛCDM
model without extensions (i.e. with r = 0 and ΩK,0 = 0) indicated by the vertical and horizontal grey
lines. As an additional reference we also include the results for an extension of ΛCDM with tensor
modes and curvature in grey. The probability distributions represent errors arising from the nested
sampling process. In the limit of infinite life points these distributions would become point statistics,
in contrast to posterior distributions.
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Effect of reheating constraints on evidences
In section 5.9 we introduced the constraints from reheating on the end of inflation. In this
section we will contrast the following two reheating scenarios:
(permissive) Nreh = NBBN, −13 < wreh < 1, (5.71)
(restrictive) ρ1/4reh = 10
9 GeV −13 < wreh <
1
3 . (5.72)
Similar categories can be found in [148].
Figure 5.28 shows the posterior distributions of the derived equation-of-state parameter wreh
for the permissive scenario in the upper panel and the restrictive one in the lower panel.
We again present the results in blue, orange, green and red for quadratic, natural, quartic
double-well and Starobinsky inflation respectively. In grey we illustrate the underlying prior
distribution, which is derived from the prior distributions listed in table 5.1. Note how this
favours small wreh values a priori (driven by a degeneracy with ϕi and related to those seen
in fig. 5.16), but is clearly overcome by the data. As already remarked in section 5.13.2, the
addition of BK15 data (from dashed to solid lines) has little effect on the Starobinsky model,
but significantly increases the reheating parameter for quadratic and natural inflation. This
is driven by the smaller tensor-to-scalar ratio required by the BK15 data, which is mostly
independent of the reheating scenario used.
Comparing both reheating scenarios overall shows how the posterior for wreh is diluted
away from instant reheating at wreh = 1/3 the shorter the duration of reheating, i.e. for an
earlier (stricter) end to reheating at a higher energy density. Phrased the other way round,
the longer reheating is allowed to last, the more the posterior on the effective equation-of-state
parameter gets concentrated around wreh = 1/3, which is equal to the equation-of-state
parameter during the subsequent epoch of radiation domination (see figs. 5.1 and 5.10 for a
visual aid). At a first glance it might appear counter-intuitive that a permissive reheating
scenario should result in tighter constraints on wreh. However, the way to read this is that
for the permissive reheating scenario essentially all posterior samples fall into the acceptable
range of wreh, which is not the case for the restrictive reheating scenario.
Working with P18 data only, quadratic and natural inflation are peaked at wreh = 1/3,
which corresponds to instant reheating. With BK15 data, the bulk of the posterior mass
is at values greater than 1/3, meaning that the comoving Hubble horizon needs to grow
faster during reheating than during radiation domination to catch up with the standard
Big Bang evolution. Note that this result is in stark contrast to the analytic prediction of
matter dominated reheating, i.e. wreh ≈ 0, from the time averaged oscillations of the inflaton
field around its potential minimum (see also section 5.9). The dilution of the posterior with
strict reheating somewhat reconciles these models with matter dominated reheating, but this
shows that any such oscillations can only last for a short time in case of quadratic or natural
inflation.
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Nreh = NBBN
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Figure 5.28 Posterior distributions for the derived equation-of-state parameter of reheating wreh for
the permissive (upper panel) and restrictive (lower panel) reheating scenario from eqs. (5.71) and (5.72)
respectively. The grey shading in the lower panel highlights that under the restrictive reheating scenario
only −1/3 < wreh < 1/3 is allowed. We show quadratic inflation in blue, natural inflation in orange,
results from the quartic double-well potential in green and the Starobinsky model in red. The grey
lines illustrate the sampled prior distributions. Dashed lines correspond to P18 data only, and solid
lines to P18 and BK15 data combined.
The Starobinsky model peaks right in-between 0 and 1/3 in case of permissive reheating
and roughly at 0 for restrictive reheating. Thus, for Starobinsky inflation, matter dominated
oscillations around the potential minimum agree very well with the data, further adding to
the success of the model, which it already accumulated on the level of the spectral index and
the tensor-to-scalar ratio (although we recognise that these are all connected).
For the nested sampling runs presented in the previous sections and in figs. 5.22 and 5.27 in
particular, we only used the permissive reheating scenario from eq. (5.71) as a prior constraint.
In order to infer the evidence Z and Kullback–Leibler divergence DKL with the restrictive
scenario as prior constraint, we use anesthetic’s [109] importance sampling feature for nested
samples. This frees us from the need to recompute entire nested sampling runs. However, as
with importance sampling of MCMC chains, it only works well provided sufficient coverage of
the importance sampled subspace of the original parameter space. Hence, the uncertainties
tend to increase, which is especially the case for quadratic and natural inflation, for which
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Figure 5.29 Bayesian model comparison of permissive (solid lines, cf. eq. (5.71)) and restrictive
(dashed lines, cf. eq. (5.72)) reheating scenarios for various inflation models using P18 and BK15 data
combined. We show quadratic inflation in blue, natural inflation in orange, results from the quartic
double-well potential in green and the Starobinsky model in red. We show the log-evidence ln Z and
Kullback-Leibler divergence DKL (in nats). The ∆ denote normalisation with respect to the base
ΛCDM model indicated by the vertical and horizontal grey lines.
most sample points belong to the excluded region of parameter space with wreh > 1/3, as is
clearly visible in fig. 5.28.
In fig. 5.29 we compare the log-evidence ln Z and KL-divergence DKL of the permissive
with those of the restrictive reheating scenario for combined P18 and BK15 data. We omit
the corresponding plot for P18 data on its own, because of the agglomeration of the contours
on top of one another similar to the upper triangle plot in fig. 5.27. The filled contours in
fig. 5.29 for the permissive reheating case from eq. (5.71) are the same as in the lower triangle
plot in fig. 5.27. The unfilled contours with dashed lines come from the importance sampling
with the restrictive reheating case from eq. (5.72).
For quadratic and natural inflation, the evidence shrinks further by two to three log-units.
The contours for the quartic double-well model shift by only about one log-unit and the
evidence for the Starobinsky model remains unchanged. This increases the gap between
quadratic and Starobinsky inflation to Bayesian odds of overwhelming 1 : 10000.
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5.14 Conclusion
Despite the success of flat ΛCDM there has been a persistent tendency towards positive
curvature (closed universes) in CMB temperature and polarisation data. The latest data
release from Planck in particular has sparked some discussion of possible evidence for spatial
curvature in the CMB. In this paper we have investigated what the presence of such non-zero
spatial curvature means for inflation.
We have reviewed how curvature links primordial and late-time scales, and how the
detection of non-zero late-time curvature limits the total amount of inflation, thereby placing
a bound on the comoving Hubble horizon, which becomes maximal at the onset of inflation.
This sets tight constraints on initial conditions for inflation in order to solve the horizon and
flatness problems, which we have folded into a Bayesian comparison of various inflationary
potentials.
Note that, like in chapter 2, the nested sampler (needed for determining the Bayesian
evidence) did not apply a multivariate Gaussian prior on the two nuisance parameters
associated with the Sunyaev–Zeldovich effect. Since this affects all models equally, we expect
this to have only a negligible effect on the comparison of models. We will publish any
quantitative changes in a paper based on this chapter.
We have computed the primordial power spectra from these inflation models numerically,
revealing oscillations and a cutoff towards large scales, which are common features of finite
inflation. Additionally we have shown how curvature leads to an additional suppression or to
an amplification of power on large scales for closed and open universes respectively, which
holds for both scalar and tensor perturbations.
In our Bayesian analysis we have used CMB data from the Planck 2018 legacy archive
and from the 2015 observing season of BICEP2 and the Keck array. Nested sampling runs
of the base ΛCDM cosmology and its extensions with the present-day curvature density
parameter ΩK,0 (applying a uniform prior) and/or the tensor-to-scalar ratio r, presented in
fig. 5.16, have confirmed that the inclusion of curvature significantly weakens the bounds on
the tensor-to-scalar ratio when only taking temperature and E-mode polarisation into account.
This fails to hold, however, when including B-mode data, in which case the bounds match
those of a flat cosmology. Note that we have adopted a uniform prior on the curvature density
parameter ΩK,0. The CMB constraints on the spectral index ns, on the other hand, point to a
persistently larger value, roughly one standard deviation greater with than without curvature,
albeit with roughly 6 σ still clearly below scale invariance. Nevertheless, this changes the
picture of slow-roll predictions from various inflation models, as shown in fig. 5.12. We have
computed the Bayesian evidence and Kullback–Leibler divergence for the various extensions
and confirmed previous findings of the CMB having a preference for closed cosmologies. This
preference is reduced when tensor modes are included, which come with a significant Occam
penalty. Interestingly, the addition of B-mode data further strengthens the preference for
closed universes. The details of this model comparison are presented in fig. 5.19.
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Using the aforementioned numerically integrated primordial power spectra, we have also
computed the Bayesian posteriors and evidence from four single-field inflationary potentials:
the quadratic, natural, quartic double-well and Starobinsky potential. We have found prior
constraints on the primordial curvature, giving a lower bound from horizon considerations and
upper bounds from considerations of an open or closed global geometry. Similarly, there are
prior constraints on an initial inflaton field value. These are the combined effect of curvature
linking the primordial to the late-time universe and of possible reheating scenarios.
As in previous findings considering curvature or finite inflation, an improved fit to CMB
data is achieved via a suppression of power and smoothing of peaks on the largest scales∗. In
the absence of B-mode data all inflation models considered perform similarly well, a result
of the weaker bound on the tensor-to-scalar ratio. However, with B-mode data taken into
account, we obtain similar results to the flat case, with the Starobinsky model significantly
outperforming the other inflation models, as seen in fig. 5.27.
All four inflation models, with the exception of the Starobinsky model, are reheating
constrained, which becomes very clear when looking at the spectral index and the tensor-to-
scalar ratio as shown in fig. 5.22. Both the high spectral index from the inclusion of non-zero
curvature and the low tensor-to-scalar ratio from B-mode data push those inflation models to
the edges of their prior constraints, with the limits set by the equation-of-state parameter of
reheating. In the first instance we have only used very permissive reheating constraints. We
have then used importance sampling to explore stricter reheating constraints, presented in
figs. 5.28 and 5.29, which has significantly penalised quadratic and natural inflation while
keeping any inference on the Starobinsky model essentially invariant.
∗This is analogous to effects of the artificial lensing parameter Alens.

Conclusion
This thesis was concerned with quantifying previous findings that there might be observable
imprints in the primordial power spectrum from a generically expected phase of kinetic
dominance preceding inflation. The motivation for this was illustrated in chapter 3 in the
form of phase-space plots of the inflaton field. It was shown that the inflaton trajectories for
concave and bounded potentials in particular start out kinetically dominated, independent of
the prior choice for initial conditions.
In chapter 4 a flat spatial geometry of the universe was assumed and a Bayesian analysis
of the inflationary Universe was performed, comparing the standard slow-roll initial conditions
with those from kinetic dominance. The cutoff in power on large scales from kinetic dominance
was shown to lead to a better fit to the Planck data. However, in a flat Universe there is
no limit to the total number of e-folds leading to unconstrained posterior distributions with
a plateau reaching up to the prior boundaries. Chapter 2 addressed such issues in light of
their effects on the Bayesian evidence. It demonstrated that the specific choice of a prior
bound is in fact not problematic for an unconstrained parameter, but leaves the Bayesian
evidence invariant. With that in mind a comparison of slow-roll vs kinetic dominance initial
conditions showed no decisive preference for either model. Any Occam penalty from the
higher complexity of a model with a kinetically dominated stage was balanced out by a better
fit to the large-scale lack of power in the CMB.
Chapter 5 was an extension of the analysis from chapter 4 with the added complexity
of a non-zero spatial curvature. In many ways curved universes provide useful features. For
one, they provide a scale that can be used to link the primordial to the standard Big Bang
evolution without the need for further assumptions on an intermediate period of reheating.
In other words the addition of the curvature density as a sampling parameter relieves us
of the need to also sample over additional reheating parameters. Instead these reheating
parameters become derived parameters. Broadly speaking, fewer sampling parameters means
a smaller model complexity and therefore also a smaller Occam penalty on the model. More
accurately, however, chapter 2 clarifies that only constrained sampling parameters add to a
model’s complexity and Occam penalty. Any additional sampling parameter will add to the
computational complexity and run-time, though, which is also referred to as the “curse of
dimensionality”.
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Future work
Computational predictions for the total amount of inflation
Little effort has been invested so far into an expectation value of the total amount of inflation.
The best resource on that question is the paper by Remmen and Carroll (2014) [122]. However,
they only consider the quadratic and natural potential in a flat cosmology, both of which
are essentially ruled out by Planck data. With the tensor-to-scalar ratio of the Starobinsky
potential being one of the prime targets of future CMB missions, it would be interesting to
extend the analysis therewith. This will require some thought, though, since the Planck surface
or any other choice of initial surface is no longer closed in phase-space for the Starobinsky
model, potentially complicating a viable choice of phase-space measure. In light of the limiting
effect of spatial curvature on inflation, including this in an analysis would be interesting as
well. However, primordial curvature effectively adds another dimension to the phase-space
trajectories, which again breaks the closure of phase-space.
Forecasts and updates with upcoming CMB experiments
The increased sensitivity to B-modes of upcoming CMB experiments such as the Simons
Observatory [45], CMB Stage-4 [47] or the LiteBIRD satellite [46] will allow pushing to a
tensor-to-scalar ratio as low as r ∼ 10−3 (making chapter 2 even more relevant). This will
significantly improve constraints on inflation models. In the absence of any detection, it will
allow us to rule out the entire large-field inflation branch.
Like Planck, the LiteBIRD satellite will observe the entire sky, but with a significantly
improved sensitivity on CMB polarisation, i.e. both E- and B-modes. This means that in
contrast to ground based experiments, LiteBIRD provides data also on the largest scales,
down to multipoles of ℓ = 2. Thus it will be able to access both the reionization bump at ℓ ≃ 4
and the recombination bump at ℓ ≃ 80, rendering a detection of a B-mode signal substantially
more likely.
Since a finite amount of inflation only affects the primordial power spectrum on very large
scales, it will be particularly interesting to see whether the LiteBIRD satellite will further
substantiate the large-scale lack of power found so far in CMB data. In the meantime it would
be interesting to explore this question with forecasts of these experiments, assuming fiducial
models generated both with and without a limited amount of inflation.
Inhomogeneities
As already remarked in chapter 5, primordial inhomogeneities are another possible cause of
finite inflation. Their energy density scales as ρinh ∼ a−4, while that of the homogeneous
component is approximately constant. Thus the universe grows more inhomogeneous backwards
in time, but forwards in time it becomes homogeneous, the energy density and the Hubble
parameter become constant and inflation starts. It would be interesting to investigate
whether this leads to similar effects in the primordial power spectrum as from a kinetically
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dominated phase. How this might tie in with a kinetically dominated phase still requires
further investigation.
Reheating priors
In chapter 5 the curvature density parameter was assigned a uniform prior (although effects
from other constraints skew this prior toward flatness), which set implicit priors on the derived
reheating parameters. It would be interesting to turn this dependence around and assume
uniform priors on the equation of state parameter and energy density of reheating instead,
such that the curvature density becomes a derived parameter. This would allow longer periods
of inflation a priori and thus impose a stronger prior preference towards spatial flatness. It
would then be interesting to see, whether this prior preference will still be overpowered by the
preference of the CMB data for a closed Universe. Similarly, one could also envision using a
prior peaked at zero as suggested e.g. in [182].
Final remarks
The Planck satellite has brought an unprecedented precision to cosmology and solidified the
standing of the current “standard” ΛCDM model. However, there are many questions that
still remain open. Excitingly, some of these questions should be answered in the near future,
with improved data. On the one hand, as already mentioned, we soon should be able to either
detect CMB B-modes or rule out the entire large-field inflation branch. On the other hand,
we soon might have clear cosmological constraints on neutrino masses, confirming the true
neutrino hierarchy. Both of these results would go beyond a mere improvement of constraints,
but actually answer concrete questions. And with additional data on the largest accessible
scales, we will be better equipped in answering the question whether there is a large scale
lack of power associated with an early kinetically dominated universe.
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